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Latent Variable Growth Within Behavior 
Genetic Models 

J. J. McArdle  1 

The purpose of  this paper is to introduce one kind of latent-variable struc- 
tural-equation model for multivariate longitudinal data which includes 
behavioral genetic components. A generic structural-equation model 
termed RAM (McArdle, J. J. and McDonald, R. P. (1984). Br. J. Math. 
Stat. Psychol . ,  37:239~251.) is used to define the univariate twin design, 
including both covariances and means. This model is extended to mul- 
tivariate form using a latent-variable growth-curve model recently pre- 
sented by W. Meredith and J. Tisak [(1984). "Tuckerizing" curves. Psy- 
chometric Society Annual Meetings]. The model presented herein further 
permits hypothesis testing of various biometric models of the sources of 
these individual differences in latent growth. Aspects of this model are 
illustrated using the LISREL algorithm [Jfreskog, K. G. and SOrbom, 
D. (1979). Advances  in Fac to r  Analysis  and Structural  Equat ion Models,  
Abt Books, Cambridge, Mass.] and longitudinal twin data on early child- 
hood abilities [Wilson, R. S. (1983). Child Dev.  54:298-316]. 

KEY WORDS: RAM; LISREL; COSAN; structural equation modeling; longitudinal twin 
data; growth-curve analysis; mean and covariance structures; psychometrics; biometrics; 
chronometrics. 

I N T R O D U C T I O N  

The te rm multivariate developmental behavioral genetics is jus t  a bit too 
long for me to swallow seriously in a single gulp. Consumers  of  this emerg- 
ing discipline must be prepared to feast on at least three major  areas of  
scientific study: 

(i) psychometrics--the scientific measu remen t  of  menta l -based 
sources  of  group and individual differences;  
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(ii) biometrics--the scientific measurement of biological-based 
sources of group and individual differences; and 

(iii) chronometrics--the scientific measurement of time-based 
sources of group and individual differences. 

Studies in multivariate developmental behavioral genetics strive to meet 
the integrative challenge of mixing psychometrics with both biometrics 
and chronometrics (see Cattell, 1966). Fortunately for all, the commun- 
ality of these three areas makes this integration a palatable, and even 
quite tasty, scientific task. 

The purpose of this paper is to present a brief integration of meth- 
odological work from all three areas. Initially, I rework basic multivariate 
factor-analytic ideas into the classic behavior genetic tradition. Next, I 
present a growth-curve representation for longitudinal data and examine 
its biometric properties. Finally, I illustrate one integration of these con- 
cepts through modeling analyses of real data. My main goal here is to 
tackle this particular methodology so I simply sidestep many interesting 
substantive issues (but see Goldsmith, 1983; Henderson, 1982). 

Latent-Variable Structural-Equation Modeling 

Latent-variable models have been a mainstay of multivariate analyses 
for over 80 years (e.g., Spearman, 1904), and behavior genetics has been 
using path analyses with unobserved variables for almost as long (e.g., 
Wright, 1921). But contemporary advances in mathematical and statistical 
theory, as well as practical advances in computational machinery, now 
permit a variety of novel views on latent variables within behavior genetic 
analyses. In this paper I illustrate one of the views available with the 
collection of techniques known as linear structural-equation modeling 
(LISREL) (i.e., J6reskog and S6rbom, 1979) and covariance-structure 
analysis (COSAN) (i.e., McDonald, 1978). 

This paper specifically develops methodology for the analysis of lon- 
gitudinal twin data. Of course, a wide variety of elegant mathematical 
and statistical methods has already been proposed for such analyses (e.g., 
Wilson, 1979, 1986, this issue). The LISREL and COSAN logic has been 
used with lognitudinal data by, for example, Wefts et al. (1977) and Jr- 
reskog and Srrbom (1979). A similar logic has also been developed and 
used in behavioral genetic models by, for example, Martin and Eaves 
(1977) and Jaspers and deLeeuw (1980). We rely heavily on these and other 
prior developments. 

But the structural-equation models presented here are unique in a 
number of ways. For example, I propose the use of a generic structure, 
termed RAM, which is decidedly simple, both algebraically (see McArdle 
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and McDonald, 1984) and graphically (see McArdle, 1980). In prior work 
we have combined this RAM logic with the LISREL program to model 
multivariate twin data measured on two occasions (see McArdle et al., 
1980a,b; see also Goldsmith, 1984). In this presentation I again combine 
RAM logic with the LISREL program to fit biometric models with more 
than two longitudinal occasions and with a restrictive structure on both 
covariances and means. 

Assorted Contributions by Vandenberg 

The multivariate developmental behavioral genetic research of Ste- 
yen G. Vandenberg has been widely influential (see, in this issue, DeFries 
and Fulker, 1986; Zonderman, 1986). Vandenberg's numerous contribu- 
tions include fundamental mixtures of behavior genetics and factor anal- 
ysis (e.g., Vandenberg, 1966, 1968) as well as substantive work on the 
basic multivariable structure of cognitive abilities and personality (e.g., 
Vandenberg, 1962, 1967). 

Of special interest here are Vandenberg's integrative analyses on the 
genetic decomposition of human growth. In Fig. 1 is a diagram taken from 
the work of Vandenberg and Falkner (1965) entitled "Hereditary Factors 
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Table I. An Example of Longitudinal Twin Data--Bayley Infant Mental Development 
Scale for N = 300 Infants in the Louisville Twin Study (see Wilson, 1983) a 

(A) Summary statistics for (approximately) N = 75 monozygotic twin pairs 

MZ Twin a MZ Twin b 

6 mo. 12 mo. 18 mo. 24 mo. 6 mo. 12 mo. 18 mo. 24 mo. 

40.562 57.450 71.528 

4.247 3.351 4.014 

1.000 
0.389 
0.289 
0.298 

0.763 
0.498 
0.355 
0.327 

MZmeans  

82.560 39.536 56.706 70.527 81.135 

MZ standard deviations 

4.972 4.011 3.536 4.294 4.899 

MZ correlations 

1.000 
0.460 1.000 
0.484 0.580 1.000 

0.418 0.339 0.327 1.000 
0.685 0.514 0.406 0.506 1.000 
0.541 0.809 0.594 0.438 0.524 1.000 
0.406 0.594 0.806 0.354 0.423 0.629 1.000 

(B) Summary statisticsfor (approximately)N = 75 dizygotic twin pairs 

DZ Twin a DZ Twin b 

6 mo. 12 mo. 18 mo. 24 mo. 6 mo. 12 mo. 18 mo. 24 too. 

40.134 54.248 68.208 

5.350 3.841 4.579 

1.000 
0.630 1.000 
0.450 0.529 1.000 
0.213 0.505 0.724 

0.736 0.506 0.367 
0.657 0.636 0.382 
0.530 0.525 0.646 
0.158 0.331 0.601 

DZ means 

79.451 39.146 55.658 67.386 79.830 

DZ standard deviations 

5.326 4.991 4.295 4.742 5.407 

DZ correlations 

1.000 

0.250 1.000 
0.308 0.641 1.000 
0.588 0.598 0.641 
0.721 0.321 0.422 

1.000 
0.715 1.000 

a Summary statistics were originally based on unequal N 's  ranging from N = 72 to N = 
105 and scaled in age-IQ units. All raw score conversions above are divided by the max- 
imum BIMD of 163 (36 months) and intarpreted in a "percent correct" metric. 
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in Human Growth." This research is clearly summarized by the authors 
(p. 365). 

Curves for growth in height was computed by an IBM 1620 for 31 pairs of 
fraternal and 29 pairs of identical twins, on measurements collected during their 
first four years of life. The formula used was 

Y = a + bx + cx 2 

where Y is height and x is the age in days. This parabola was found to give a good 
fit over the age range studied (birth through 4 years). 

To assess the statistical significance of the hereditary component in the pa- 
rameters of the curve, F ratios were completed between the fraternal and identical 
within-pair variances. The F was not significant for a, the initial status; the F for 
b, the growth rate, was significant at the 5% level of probability; and the F for c, 
the decleration or change in the growth rate, was significant at the 1% level. F 
ratios are also presented for the measurements at each single visit. They generally 
run higher because they reflect the combined action of all three parameters. 

We conclude that for height in the present small sample, hereditary influence 
appears to be of paramount importance only for the deceleration of the growth rate 
(which takes effect somewhat later), to be of moderate importance for the rate of 
growth but not statistically significant for the initial status. 

This study is not the first example of an analysis which describes 
continuity and change by a "collection of individual growth curves" [see 
Wishart (1938) as reported by Rao, 1958]. But at the very least, these 
creative analyses mark a seminal attempt to uncover biometric sources 
of change over time. I build upon aspects of this approach in the modeling 
that follows. 

As another illustration of the complex yield from these kinds of long- 
term studies, I present the longitudinal twin data in Table I. These data 
are only a small selected sample of the Louisville Twin Study data archive 
that Vandenberg helped initiate and build (for detailed overviews see Wil- 
son, 1983; Matheny, 1983; Vandenberg, 1968). The variables shown here 
represent the total raw score on the Barley Infant Mental Development 
(BIMD) scale obtained from repeated measurements on the same twin 
pairs at 6, 12, 18, and 24 months of age. Approximate summary statistics 
for means, standard deviations, and correlations are given separately for 
each longitudinal testing time, for both members of each twin pair (Twins 
a and b), and for two types of twins [monozygotic (MZ) and dizygotic 
(DZ)]. 

The mathematical models described in this report are applied to the 
longitudinal twin data in Table I to illustrate relevant statistical modeling 
features. We recogniZe that the models are limited because they require a 
dataset so rare. 

METHODS 

Structural-Equation Model Specification 
In this section I briefly sketch the mathematical specification of a 

structural-equation model for longitudinal twin data. This development is 
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presented both graphically (in the figures) and algebraically (in the tables), 
but I do not emphasize technical details. I initially present comments on 
model specification for both mean and covariance structures. I next use 
this logic to describe a simple univariate model for the biometric twin 
design and then add parameters of multivariate growth over time. 

RAM Moment-Structure Notation 

One of the technical difficulties that needs to be overcome at the 
outset comes from the use of an all-purpose or "generic" mathematical 
notation. For example, Martin and Eaves (1977) used J6reskog's ACOVS 
notation to specify several multivariate twin models, and J6reskog and 
S6rbom (1979) showed how their LISREL notation could be used to de- 
scribe several multivariate longitudinal models. For clarity and simplicity, 
however, I present all models using the structural-equation modeling no- 
tation of the Reticular Action Model (RAM; McArdle, 1980). 

In some of our previous work we have shown how the simple RAM 
equations can be used as an algebraic specification device for a large 
variety of linear structural-equation models. The basic RAM algebra is 
listed briefly here in the Appendix (A.1), and more complete algebraic 
details are presented elsewhere (i.e., McArdle and McDonald, 1984; Horn 
and McArdle, 1980). It is sufficient here to say the following about all 
subsequent RAM algebra. 

Every algebraic definition of a model with t total variables includes 
(1) a (t • t) regression-like parameter matrix A of "asymmetric" 

relations, 
(2) a (t x t) covariance-like parameter matrix S of "symmetric" 

relations, and 
(3) a (p • t) permutation-like fixed matrix F to "filter" the p man- 

ifest or "given" variables from the latent or "hidden" variables. 

Every model specification using A, S, and F leads to the calculation of 
(4) a (t x t) path coefficient matrix E of "effects" of all variables, 
(5) a (t • t) symmetric matrix C of "connections" among all var- 

iables, and 
(6) a (p • p) symmetric matrix M of "moments"  among manifest 

variables. 
One of the most useful features of this simple RAM algebra is that 

it can be directly translated into simple path-analytic graphics which ac- 
curately display all of the required algebraic model parameters. RAM can 
also be used to prove the accuracy of a generic version of Wright's (1921) 
"tracing rules of path analysis." More complete graphic details are given 
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elsewhere (see McArdle, 1980; McArdle and Horn, 1985). It is sufficient 
here to say the following about all the RAM diagrams. 

Variables are represented as graphic nodes and drawn within boxes: 
(1) manifest (or given) variables are drawn in closed boxes (D), 

while 
(2) latent (or hidden) variables are drawn in dashed boxes (,~), and 
(3) unit-valued constants are drawn as closed triangles (A). 

Relations are represented as graphic edges and drawn as lines: 
(4) asymmetric relations are drawn as one-headed arrows (--*), 

while 
(5) symmetric relations are drawn with two arrowheads and termed 

spans (~) ,  and 
(6) unit-valued relations are drawn as arrows or spans but are not 

labeled. 
One salient feature of the RAM models that follow is the explicit 

inclusion of mean intercept terms as part of the basic model specification. 
In standard raw score predictions from a multiple regression model the 
intercept term can be considered a "regression" coefficient for the unit 
"variable." In RAM moment-structure notation We simply apply this raw 
score regression formulation. All data matrices and model expectations 
M are analyzed in the form of mean augmented moment matrices. These 
matrices are obtained by (1) explicitly adding a unit constant as a manifest 
variable for each individual, (2) calculating sums of squares and cross- 
products (SSCP) for all variables, and (3) dividing the SSCP elements by 
the sample size N (see McArdle, 1980; Horn and McArdle, 1980). In RAM 
graphics a mean intercept term is displayed as an arrow from a closed 
triangle. For clarity, models with several unit constants may be used, but 
the same basic path-analytic rules will hold. 

The simultaneous inclusion of parameters representing both mean 
and covariance structures permits simultaneous likelihood-ratio tests 
based on the principle of maximum-likelihood estimation (MLE). The 
statistical basis for using mean augmented moment matrices within the 
usual covariance-based MLE fitting function for multiple groups is pre- 
sented in the Appendix (A.2) (see also Horn and McArdle, 1980; Jrreskog 
and S6rbom, 1979, 1981; Srrbom, 1974, 1978, reported by Jrreskog and 
Srrbom, 1979; McArdle and McDonald, 1984; McArdle, 1985a; Meredith, 
personal communication, 1980). This elementary mathematical devel- 
opment shows that the only riew term introduced by the mean augmen- 
tation is the traditional mean "distance" component. This augmented 
likelihood equation implies that the simultaneous structuring of both the 
first and the second moments can yield results different from those based 
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Fig. 2. RAM path diagram of a univariate biometric MZ-DZ twin model (unlabelled 
parameters have unit value). 

on covariances only. In both the twin and the logitudinal models that 
follow, we propose restrictive patterns for both the means and the co- 
variances and use this augmented likelihood function for model fitting and 
parameter estimation. 

Univariate Structural-Equation Models 

The generic structural-equation model just described permits the in- 
clusion of biometric information. One of the simplest biometric models 
is presented in the RAM path diagram in Fig. 2. This model contains four 
manifest variables, labeled Xma, Xmb, Xda, and Xdb, representing the 
scores on one behavioral variable X taken over two kinds of twin zygosity 
groups (m = MZ and d = DZ) for both members of the twin pair 
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(arbitrarily, a = twin and b = cotwin). Also pictured are eight latent 
variables with the labels Gzo for genetic sources and Ezo for environmental 
sources. The model also gives four one-headed arrows from the latent G 
to the manifest X, labeled h, and four arrows from the latent E to the 
manifest X, labeled e. The two-headed spans for the two G variables 
within each set are labeled qmz = 1 and qaz = �89 The spans with no explicit 
values are assigned unit value, so all latent variables are in a standardized 
metric. 

This model represents a decomposition of the variance of one mare 
ifest variable, X, using a very simple biometric model. The four manifest 
variables come from a dataset where twins have been separated by zyg- 
osity and the bivariable cross-covariances among cotwins have been cal- 
culated. The simple biometric model includes only "additive genetic" 
variables, labeled G, with regression effect h, and "nongenetic" or "spe- 
cific environmental" variables, labeled E, with regression effect e. As in 
all models, the interpretation of the hidden variables G and E is based on 
the specific patterning of the model parameters. In this model the fixed 
spans lead to the most critical assumption: By genetic theory (e.g., Martin 
and Eaves, 1977; Jaspers and deLeeuw, 1980) the MZ cotwins have com- 
pletely common genetic sources, so qr~z = 1, but the DZ cotwins have 
common genetic sources which are correlated only qaz = �89 The E var- 
iables here represent sources of nongenetic variation that are uncorrelated 
within the cotwin pair (i.e., termed E,). Additional latent sources, such 
as "common family environment" F variables (i.e., termed E2), and more 
extended data designs can easily be added (see Cattell, 1982; Eaves et  
al. ,  1978; Jaspers and deLeeuw, 1980; Goldberger, 1977). 

The RAM model in Fig. 2 also includes a unit constant variable for 
each individual (and correlated unity within each zygosity group). The 
arrows from these triangles point toward the manifest variables X but not 
toward the latent variables G and E, and this patterning implies that the 
intercept terms m represent the mean of the X variables. The inclusion 
of a single coefficient m implies the typical biometric twin assumption: 
The mean of X is assumed to be equivalent over twin pairs and over zy- 
gosity groups. This basic twin model provides a simultaneous test of the 
hypothesis of mean equality within a given biometric covariance structure 
(compare Christian, 1978). 

The algebraic representation of this basic biometric model is specified 
as a structural-equation model in Table II. In Table IIA the basic uni- 
variate model assumptions are defined in a scalar form for cotwin pairs 
of both zygosity groups. In Table liB this simple model is placed into 
RAM structural equation model notation, but here two independent group 
equations are used, and a variety of equality constraints is implied. The 



172 McArdle 

c~ 

O 

O 
o 

O 

In 
O 

o "  

,-a 

N 

II 

§ 

o 

o 

co 
o 
N" 

~9 

II 

c~ 

,,-7 

II 

o 

H 

N 

~ ~ . . . .  o 

~ ~,,,~ ' ,~ 

0 ~ . ~  0 ~ ~  , ~  

~ ' , ~  o ~ ~. ~ . ~  

~12 0 

~ = - ~  ~ 

II tt II II II II LL II II II 

"~  E .E c~ 

~ ~ N ~ 



Latent Growth and Genetics 173 

's 

I 0 ~ 0 0  ~ o  i 

~ o ~ o  0 o 0 o  

~ o o o  0 o o o  

0 o o o  o ~ o o  
I I 

II 
< 

i I 

II 

r o o  o f  

O 0  

0 0 0  

~ o 0 0  

0 ~ o o  o o o 0  
[ J 

~ 0  

O'Z:~ 

0 ~ 

N=~NNN 
0 0 

If II II II II 

e- 

~J 

E 

o 

iI 
~4 



174 McArdle 

e~ 

I l 

i ~  ~ j  

II 
< 

+ 

I 

H 

T 

I 

II 

l 

+ 

+ 

+ 

+ -I- 

I 

II 

II 

II 

r ~ IJ 

N 

N ~  N 

s163163163 
I I 



Latent Growth and Genetics 175 

variables and parameters have been defined in a redundant way to clarify 
the model symmetry over twin ordering. This specification of the arrow 
matrix A leads directly to the equation in Table IIC and gives the path 
effect matrix E as a simple first-order recursive summation. Finally, the 
symmetric multiplication ofF,  E, and S leads to the explicit representation 
of the expected moment matrix M in the equation in Table IID. The 
elementwise expectations of this equation show several algebraic redun- 
dancies which can be eliminated in numerical programming. 

The basic layout of this univariate model is fairly standard in behav- 
ioral genetic research. The seminal work of Martin and Eaves (1977) ex- 
tended the traditional mean-square biometric foundation into a generic 
structural representation (see also Eaves, 1978; Eaves e t al., 1978; Fulker, 
1978, 1979; Martin et al.,  1979). We initially followed this logic to extend 
these basic equations to RAM notation and used LISREL programming 
(McArdle et al.,  1980a,b; Goldsmith, 1984; compare Cantor et al., 1983). 
The cross-covariance representation in Fig. 2 and Table II closely follows 
the path-analytic approach of Jaspers and deLeeuw (1980; see also Taub- 
man, 1978; Chamberlain, 1977). The simultaneous structuring of both the 
means and the covariances may be most useful in cases where a nonzero 
zygosity-trait covariance has an effect on the appropriate biometric anal- 
ysis (see Eaves et al. ,  1978; compare Christian, 1978). 

Mult ivariate  Structural -Equat ion Models  

The univariate biometric model is extended to one kind of multivar- 
iate form in the model in Fig. 3. In this RAM diagram four manifest 
variables are labeled X~o, Xao, X3o, and X4o and represent the same var- 
iable X measured at four occasions on cotwins a and b. Here we present 
the complete model for a specific twin pair, but for graphic simplicity, 
the model is drawn for only one zygosity group (i.e., the qz is unspecified). 

One new feature of this model is the inclusion of the two latent var- 
iables labeled Lo and So for each twin. These variables are common factors 
for all the Xto--the factor loadings for Lo are all presumed to be unity 
(and not labeled), whereas the factor loadings for So are assigned weights 
w,. These orthogonal common factors may be interpreted in the usual 
"psychometric" fashion--L and S are sources of individual differences, 
and each individual subject  is presumed (in theory) to have a score on 
both L and S. Because the manifest variables are time ordered, the factors 
L and S represent dimensions of individual  di f ferences in growth  over 
t ime or, simply, latent  curves.  The loadings of L are fixed to be unity 
over time so the score on this factor reflects an individual's over-time 
"level," with latent mean mL and variance vL. The wt loadings of S are 



176 McArdle 

Twin a 

~, o , ) , , , , i , ~ .  ( . . L , , , , , , , ~  , 

.:O~, , , :G..o:'( , ' ')-" "-~:,,,r;,,'. 
-~ . . . . . . . . .  I ~ . .~. . . . .a% 

(.,,! EL,,i / < i >i,..l i ,  i i . . ; , ' ,  

7 '  ,,,h, _~ h;,,/e. 
"~ i m:..-~ 7-. m, ) )  :. .... ?. . . . . .  .--" ~ .......... - .  

q(::, 

q,::) 

..... f[~,<_ 
--: .-~-__ . . . . .  
"-.-.- >____ - 

,.! . . . .  ,I,,. 
P~".i P>i . . , . ,  .~.~. 

~C ~ ,"l' "I,iI~[[i ~C) i" I", ~[i 
, .Jg~ I: I~ "~'I~. ~ ,II~ . . . . .  ~ I ~  

/" ,E.~' '~,  " '.-,:.,~.'?. i'. s. '.-i ...... .,:.;.v. :..:' ] ~ ,). ~ p,,,.: 

t 

q<z:: . . . . .  ,,,,.,.., 
~: GU', i J I I . . . . . . . .  ~ "  

i ~ :  . . . . . . .  : I 

C..i,,E,,~,!.i / ~)~n~' . ..... 

___--;~!J] . . . . . .  

~--- '~_-- . - '~"  / " /  I 
---.r-=_ ~.~....- 

---"%'.. 7 - ~ -  

,,I . . . .  !,, 
'. p::,~ : : 04.~: 
i --'i i i 

I 

q(Z:' 

q,Zz) 

q<z) 

,, :E~: ) . �9 ...... ..:. 

m L J - 3  F"---Jn~. h},, ] e ,  " 

:: L~ , i ' ( "  .... ' . . . . . .  : ' --)i  ,-~t, i 
.... H r " - -  ,, .-J;'"'"" 

I "--- ~ . . . .  \%i ~--"C-- '~J i 

' ' "  " " - ~  ~-""-~-- -  ~ ' - "  / I Twin b :-..--=~-- _..~p-~__ 

g 

.I . . . . .  t . . . . .  t . . . . .  t.. 

;~) r~ r~ih ~ ,~ ,,:.~ .~ ,:~ .~ .0, .~,i....,~,.,.. ,.~i,,, 
'.,.,:. 4~: 

'~' ': :~' ':r" (~'L: :~ '~" (~,:,~i !~i~.~} i~;i"~ ' 
% =.) 1i~,, I t ) , . . /  . . ,  " :b , ,  ~b,,)=/ ......... ~ . . . . . . . .  ~.. 

Fig. 3. RAM path diagram of  a latent-variable growth curve within a biometric design (only 
one zygosity; unit values assumed).  
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free to take on nonequal values, so the score on S represents the indi- 
vidual's over-time "shape,"  with mean ms and variance Vs. The latent 
variables Dt are considered "disturbance" sources that are present within 
each specific time point. 

The mathematical identification of these latent growth parameters 
parallels the typical factor-analytic case (see J/Sreskog and S6rbom, 1979, 
pp. 40-44). That is, the latent-variable parameters cannot be uniquely 
estimated from the data without first imposing a few additional side con- 
ditions, and this is especially problematic with only four time points. The 
parameters of level factor L are identified as given: The vL level variance 
is identified by any of the fixed unit loadings, and the mL level mean is 
identified by (any one of) the zero regressions among the unit constant 
and the X,. The parameters of shape factor S are not identified as given: 
One loading needs to be fixed at a nonzero value, say w4 = 1.0, to identify 
the scale of S, and another loading needs to be fixed at zero, say wl = 
0.0, to fix the orthogonal rotation. Although only two loadings, w2 and 
w3, are now estimated, these parameters are not restricted, and Vs and 
ms also are estimated, so the latent curve can take on a wide variety of 
functional shapes (but compare Bock et al., 1973). 

An algebraic representation of this two-component growth model is 
prsented in the first part of Table IIIA. In most important aspects this 
latent growth equation has been taken directly from the longitudinal struc- 
tural-equation model of Meredith and Tisak (1984). These authors em- 
phasize the concept of "dependent increments" in growth and change 
and extend this latent growth model to include multiple groups and a 
number of interesting age, time, and cohort parameters. A similar mul- 
tivariate strategy is also found, for example, in Tuckeffs (1958) work on 
"learning curves,"  Rao's  (1958) '~metameter," and Horn and Little's 
(1966) "level and shape" analyses. For more extended discussion on the 
growth features the reader is invited to peruse Meredith and Tisak (1984), 
Rogosa et al. (1982), and McArdle (1985a,b). 

I now move to the structuring of the biometric information in Fig. 3. 
First, I assume that all chronometric parameters of the model, loadings 
w, and intercept terms mL and ms,  are equivalent for both members of 
the twin pair and for both zygosity groups. All other model variables and 
parameters are designed to reflect biometric information. These biometric 
components are specified in the same way as in the univariate twin model: 
Each cotwin pair of genetic latent variables G/r is associated with a qz 
parameter which is fixed at qmz = 1 or qdz = �89 depending on the zygosity, 
and each EK variable is independent of all others. In this model the higher- 
order genetic latent variables GL, Gs, and GDt and environmental latent 
variables EL, Es,  and ED, are hypothesized to account for the individual 
differences in level L, shape S, and disturbance Dr. 
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The algebraic specification of this model can be accomplished in ex- 
actly the same way as any other linear structural-equation model, and 
some details are provided in Table III. In the equations in Table IIIB the 
scalar form of the full biometric model is presented for the decomposition 
of the latent growth parameters, but the notation Xt is used to represent 
the full set of four time points (and see Table IliA). In the equations in 
Table IIIC we rewrite all vectors and matrices in RAM terms, which now 
are large, sparse, and symmetric over twin pairs. By definition, the RAM 
equations in Table IIIC display a one-to-one mapping with the graphic in 
Fig. 3. In the equation in Table IIID we illustrate the calculation of the 
total path-effect matrix E, including the required second-order matrix A 2 
of all second-order recursive paths. In Table IIIE results for all model 
moment expectations are presented in an elementwise fashion that may 
be useful for estimation (see Eaves et al. ,  1978). 

This specific longitudinal twin model is only one of a large class of 
covariance structure models that could be specified for longitudinal data 
(compare J6reskog and S6rbom, 1979; Werts et  al. ,  1977). Other longi- 
tudinal models are important and can be meaningfully interpreted with 
biometric data (compare Eaves et  al. ,  1986, this issue; Baker et al., 1983). 
But some of these other models prescribe "independent increments" over 
time, and most others ignore the structure of the means over time. As 
the equations in Table IIIE show, the time changes are not independent, 
and the raw means are structured in terms of the latent-variable means 
and shape loadings [i.e., ( m x  = mL + wtms)] .  These mathematical re- 
strictions suggest that the moment-structure parameters will not, in gen- 
eral, be identical to those obtained from the usual covariance model-fitting 
procedure. These latent means are estimated simultaneously within a 
model specification of biometric components for the variance around 
these means. Practically speaking, the latent mean estimation will indi- 
rectly affect the biometric variance-components estimation, and vice 
versa. 

RESULTS 

Structural-Equation Model Fitting 

In this section the mathematical models in Table III are illustrated 
by statistical application to the longitudinal twin data in Table I (see Wil- 
son, 1983). The computer-program specification of these models is fol- 
lowed by the fitting of several alternative models, and the implications 
of one of these models are described in more detail. My goal here is to 
explore various statistical features of the model in more depth, and not 
to focus attention on any specific substantive issue. 
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Computer-Program Implementation 

The statistical estimation of the latent growth and genetic model pa- 
rameters can be carried out using any of several available algorithmic 
procedures for numerical optimization, such as the canned packages of 
LISREL-V (J6reskog and S6rbom, 1979, 1981) or COSAN-II (McDonald, 
1978) or the optimization libraries of CERN (Fulker, 1979) or NAG (Eaves 
et al., 1978). The LISREL algorithms have become widely available and 
have proven successful in numerous applications (e.g., McArdle et al., 
1980, 1981; Cantor et al., 1983), so I discuss LISREL-V (J6reskog and 
S6rbom, 1981) programming here. 

The data structure for these analyses can be of many forms. In one 
approach data such as those in Table I are augmented with unit constants 
(one for each individual/) and then summarized into two mean augmented 
moment matrices of deviations about zero [as described earlier (see Horn 
and McArdle, 1980)]. In the LISREL-V program any mean and covariance 
model can be estimated correctly by having the program analyze the mo- 
ment matrix (i.e., "MA = MM" or moments as a covariance matrix). 
Parameter estimates can be obtained using a prescribed fitting function, 
such as maximum likelihood or least squares, and the data-based moments 
matrices can then be compared to the model-based expectations using a 
multiple group specification (i.e., "NG = 2" for Mmz and Mdz). The 
necessary data equalities for within-pair means, variances, and correla- 
tions can be simply taken into account by model constraints (compare 
Chamberlain, 1977). 

Any RAM model may be directly programmed in LISREL-V notation 
by simply patterning matrices " L Y "  = F, " B E "  = A, and "PS"  = S 
for each independent group. The RAM specification in Fig. 3 initially 
requires the alignment of every model variable with a hidden variable, so 
the number of LISREL manifest variables ( " Y " )  is "NY = 10" and the 
number of LISREL latent variables ( " E T A " )  is " NE  = 46." The intro- 
duction of a minimum of six additional biometric latent variables Fo, 
representing the common family environment regressions (f), further in- 
creases the model size to perhaps " N E  = 58" for each group. This RAM 
specification of LISREL results in large bat sparse matrices F, A, and S, 
but all elements of these matrices are easy to input and clear upon output. 

(1) All given variables are assigned a unit value in '~ (e.g., 
"START 1.0 LY (1,1)"), and this totally fixed F matrix can be 
ignored. ~ 

(2) All arrows are free parameters from column to row in " B E "  (e.g., 
" F R E E  BE (2,1)"), and this A matrix is constrained to be "invar- 
iant" over groups (e.g., "MODEL BE = IN") .  
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(3) All spans are fixed among column and row in "PS"  (e.g., "FIX PS 
(2,2)"), and this S matrix will all biometric information is ignored 
(i.e., qaz = �89 

(4) Degrees-of-freedom corrections for necessary data dependencies 
(i.e., the operational equality of half of the cotwin means and co- 
variances) and all fixed unit constant moments are done simply by 
subtraction from the program output degrees of freedom. 

The direct RAM specification of the cotwin cross-covariances de- 
scribed above is accurate, but direct RAM is certainly not a computa- 
tionally efficient way to run LISREL. This heavy computation cost is 
due in large part to the multivariable nonlinear optimization problem and 
estimation technique. However,  the computations are also slow because 
LISREL does not utilize information about the sparcity of the RAM-based 
specification matrices. Fortunately (for the computer budget) the speed 
per iteration can be increased without any loss in accuracy by: (1) elim- 
inating the most obvious variable redundancies, such as multiple unit 
constants and all Dt variates; (2) reorganizing several manifest variables 
(i.e., X,) to be in a separate submatrix regression structure (i.e., freeing 
up LISREL "LY") ;  and (3) eliminating the Eot variates by estimating 
variance co, 2 instead of effect co, (i.e., using LISREL "TE") .  

One simple and practical way to improve computational speed is to 
(1) add only one unit constant to each group data set and (2) use a "No  
- X"  LISREL-V specification based on only NY = 9 and NE = 27. 
This non-RAM specification utilizes four LISREL matrices, LY, BE, PS, 
and TE, with the BE and LY matrices specified as "invariant" over both 
groups, and the diagonal TE parameters interpreted a s  eDt 2. Further data- 
based and LISREL-based specifications could be introduced for further 
computational speed, but these are less didactic and generally costly in 
terms of human programming time. 

Alternative Model Estimation 

We are now in a position to specify, identify, estimate, and compare 
a variety of potentially meaningful substantive models. In Table IVA a 
few "basic models" (0 to 8) are described by the parameter restrictions 
placed on various parts of the model, the model degrees of freedom (df), 
the resultant sample-to-population likelihood-ratio statistics (L 2) for each 
model, and a few other goodness-of-fit indices (A, P, R). Table IVB gives 
similar results for a few "difference models" (9 to 15) which illustrate 
key comparisons between some of these basic models. As in most con- 
temporary modeling studies, the focus here is not on pure statistical in- 
ference using likelihood functions (see McGue et al., 1984). Instead, I 
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simply use fit statistics as relative indicators that may be useful in mode l  
select ion (see Horn and McArdle, 1980; Martin et al.,  1979; Cudeck and 
Browne, 1983; James et al. ,  1982). 

A brief overview of these models can help focus in on those few of 
major importance. The first model in Table IVA, the BASE model (0), 
requires estimates of only one mean mt and two variances vt for the entire 
dataset. This model does not statistically fit the data well (Z = 49), but 
it represents a "random-variation" starting point, or baseline, against 
which all other models can be compared (see James et aI., 1982; Martin 
et al.,  1979). The first substantively interesting model, the GROW mode! 
(1), fits the two-component latent growth-curve model in Fig. 3, including 
equality over order and zygosity, but does not require a biometric de- 
composition. This model also does not fit the data well (Z = 9.9, R = 
0.30), but these results can be used as an "equal-variation" baseline for 
further biometric models. The GEFC model (2) is identical to the GROW 
model (1), except here I examine the inclusion of biometric effects hk, 
ek, and f~ on the common factors (k = L and S). The plausibility of these 
common biometric restrictions can be ascertained by a comparison of the 
fit of models 2 and 1. Difference model 9 yields a difference likelihood- 
ratio statistic (L 2 = 8) with 2 df (Z = 2.1) which suggests that, given the 
basic latent growth curve, these additional biometric factor restrictions 
are plausible. 

All other models are developed in a similar sequential fashion. The 
GEFE model (3) adds an equal disturbance restriction to model 2, and 
difference model 10 shows that these further psychometric restrictions 
are plausible (Z = 0.8). The GEFV model (4) also builds upon model 2, 
but in a different way: This model adds biometric restrictions to the dis- 
turbance variables, and difference model 11 seems to show that these 
restrictions are also acceptable (Z = 0.2). The GEF model (5) further 
adds equal disturbance variance to model 4, and difference model 12 
shows that these restrictions are plausible (Z = 0.8) and the model ac- 
counts for a large portion of the available data (e.g., R = 0.60). 

The remaining models all place additional parameter restrictions on 
the mixed GEF model (5). In the GE model (6) common family f effects 
are restricted to be zero at both the common and the specific factor levels. 
This GE-only model still exhibits a relatively good fit (i.e., Z = 7.9, R 
= 0.65), but difference model 13 suggests that this sweeping biometric 
restriction yields a significantly worse fit to the data (Z = 5.4). The EF 
model (7) is the same as the GEF model (5) except all additive genetic 
effects have been restricted to be zero: This model does not represent a 
good fit to the data (Z = 21), and it is significantly worse than the full 
GEF model (see model 14; Z = 16.). Finally, the GEFL model (8) is the 
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same as the G E F  model (5) except  that it poses a major restriction on the 
latent curve s h a p e - - t h e  curve  shape is required to be equal interval and 
linear throughout  the growth period. This model does not fit the data well 
(Z = 14), and it is significantly worse than the G E F  model (see model 
15; Z = 9.2), but  it explains about  the same amount  of  relative variation 
(see the P and R ratios). 

Given these few models,  the goodness-of-fit  indices in Tables IVA 
and B might suggest that the G E F  model (5) is best for these data. How- 
ever,  the selection of  any model must also be based on the numerical 
value of  the parameters .  The maximum-likelihood estimates (MLE) of the 
G E F  model (5) parameters  are presented in Table IVC. Almost all of  these 
parameters  are seen to be at least twice the size of their respective stan- 
dard errors;  except  for  hs, all model parameters  are significantly different 
from zero. The latent growth curve represented by the combination of  
these level and shape parameters  is drawn in the plot in Fig. 4. Here  it 
may be seen that the latent growth intercept  estimates for mL and ms 
describe a mean increase over  the four time periods, from about 40 to 
80% on the BIMD scale of  0 to 100% points. Given the fixed Wl = 0 and 
w4 = 1, the estimates for  w2 = 0.39 and w3 = 0.72 yield a latent growth 
curve which increases in a monotonic ,  almost linear fashion over  time. 

The G E F  model  in Table IVC also gives estimates for the individual 
difference variance around the initial level (vL), individual difference var- 
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iance in the latent curve shape (Vs), and individual difference variation 
in the disturbance variance (vD). Of course, these variance terms are not 
estimated directly by have been calculated from the more basic biometric 
variance components. That is, the GEF model prescribes an initial latent 
level variance of vL = I0.89, but this variance is the simple sum of three 
independent sources: The additive genetic effect hL accounts for 19% of 
the level variance, the specific environmental effect eL accounts for 3% 
of the level variance, and the common family environmental effect fL 
accounts for 78% of the level variance. This biometric decomposition is 
also available for the latent shape variance, where hsZ/vs = 9%, esZ/vs 
= 6%, and fs2/Vs = 85%. Although these biometric decompositions of 
the level and the shape are similar to one another, these are simply in- 
dependent empirical results. The independent biometric decomposition 
of the disturbance variance yields hDZ/VD = 43%, eD2/VD = 49%, and 
fD2/VD = 8%. 

These GEF results can be compared directly with the results from 
the other biometric models. The GE model (6) is labeled "no family" 
because this model forces fL, fs ,  and fD to be precisely zero. Given the 
,overwhelming variance attributed to common family effects in the prior 
model, we might expect that this hypothesis would be more discrepant 
with the data. Indeed, these results show that all common family effects 
are either eliminated or attributed to additive genetic effects (i.e., hL2/VL 
= 95%). But additive genetic effects h and common family effects f are 
hard to distinguish in all simple MZ-DZ twin designs (see Martin and 
Eaves, 1977). 

These GEF results can also be compared directly with the results 
from the other chronometric models. In the GEFL model (8) the w2 and 
w3 coefficients of the latent curve S are fixed at proportional values, viz., 
wl = 0/3, w2 = 1/3, w3 = 2/3, and w4 = 3/3. This parameterization forces 
an equal-interval growth curve whose linear slope can be determined from 
the free intercept parameters and estimates all biometric GEF coefficients 
on the basis of this new curve. This sweeping chronometric assumption 
is surprisingly powerful because the parameters of the GEF model (5) 
curve coefficients do appear to increase linearly--from 0.00 to 0.39 to 
0.72 to 1.00. But these coefficients are highly overidentified so their stan- 
dard errors are much smaller than all others (0.006), and any small dis- 
crepancy from these empirically best knot-points represents a highly sig- 
nificant model discrepancy. Perhaps of most interest here is the fact that 
the model yields new estimates of vr and Vs and these variances have 
slightly different biometric decompositions (i.e., fs2/Vs = 78 vs. 85%). 
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Further Model Implications 

Let us suppose that these comparisons lead us to choose the GEF 
model as the best representation of this BIMD data. The GEF model 
parameters may now be combined to make raw score predictions about 
the four time points measured between 6 and 24 months. This single latent 
growth curve is plotted in Fig. 4 and shows raw score means and 95% 
confidence boundaries for the total latent growth curve. These predictions 
may be thought of as a summary collection of individual curves based on 
raw factor scores for both level and shape. These latent curves are "time- 
free" in the sense that specific time effects D, have been held constant 
and "empirically smoothed" because maximum information has been ex- 
tracted from the summary statistics. 

As Table IVD illustrates, there is no need now actually to calculate 
factor score estimates of these individual curves to derive further impli- 
cations about these latent scores. The plot shows a general mean increase 
from an initial BIMD test score of 40% at 6 months to a final BIMD 
percentage score of 80% at 24 months (100% is the 36-month-old maxi- 
mum). Although this latent growth curve increases in a clear monotonic 
fashion over time, the statistical advantage of the GEF model (5) over 
the GEFL model (8) implies significant nonlinearity in the curve. Rela- 
tively rapid growth in the period between 6 and 12 months is seen both 
in the steeper incline in the plotted lines and in the difference in the 
ordered shape loadings. (A second-order differential-equation model can 
be formally expressed as a model hypothesis about the loadings, but I do 
not do so here.) As Fig. 4 shows, this significant time change is not large 
and represents only a small departure from the equal-interval model. 

The biometric decomposition of individual differences in growth is 
displayed by the brackets on the right-hand side in Fig. 4. These relative 
proportions suggest that from 6 to 24 months, the individual growth on 
the BIMD is due overwhelmingly to common family environmental 
sources and has only small additive genetic and specific environmental 
sources (see Table IIID). This strong family component in the overall 
curve is not a mathematical surprise: The same strong family pattern 
emerges in both the initial level at 6 months and the shape of the trajectory 
from 6 to 24 months. 

The remaining rows in Table IVD give other model implications 
which also may not be apparent in the model-fitting stage. For example, 
the latent curve variance equations for each specific time point yield an 
explicit increase over time that is patterned with the mean increase (see 
Meredith and Tisak, 1984). These time-specific variance calculations may 
be further decomposed into the relative biometric contributions that are 
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implied for any particular time, including the variance of both the implied 
C,, the latent curve at time t, and the expected X,, the raw score measured 
at time t. 

This model of a single latent growth curve which has biometric 
sources implies that these sources remain active over the entire time 
course. Statistically this implies that the autocorrelation over time [i.e., 
r(K,,  Kt+ 1)] is unity for all common biometric sources (e.g., GI~, Es,  etc.) 
and is zero for all specific biometric sources (e.g., GD1, ED2, etc.). But 
the amount of the biometric expression that is measurable at each time 
period is limited and is permitted to change. For example, at each time 
point t we can define the growth curve reliability as the ratio of the latent 
curve variance over the total variance (i.e., r 2, = VcJVx,). As Table IVD 
shows, these growth reliability results increase over the time course but 
at a different saturation rate for each biometric component. 

DISCUSSION 

Unlimited Growth in Biometric Models 

In this methodological report a latent variable growth curve was 
mixed with a traditional biometric twin design to estimate parameters and 
test hypotheses that may be of interest to multivariate developmental 
behavior geneticists. The substantive application of this model to the cog- 
nitive ability data of young children shows: (1) There is a strong, largely 
linear change over age; (2) there is a strong common family source of this 
latent curve; and (3) no model fits the data very well. The first result is 
consistent with the development of the measure, the second result is con- 
sistent with recent behavioral genetic findings (see Plomin and DeFries, 
1980; McCall, 1981; Eaves et al., 1986, this issue), and the third result 
suggests that we leave the substantive implications to others (see Wilson, 
1983; Matheny, 1983). 

One key ingredient here is a mathematical formulation which places 
the interesting variables into the model in the first place. In other work 
on this topic we have introduced factor analytic "measurement models" 
into biometric analyses and viewed model comparison problems as clas- 
sical problems of "factor rotation" (McArdle et al., 1980a,b, 1981; 
McArdle and Goldsmith, 1985; Horn et al., 1985; cf. Cattell, 1966, 1982). 
The latent ingredients used herein are the developmentally based patterns 
of individual growth and change defined recently by Meredith and Tisak 
(1984). These ideas also form a sound basis for hypothesis generation and 
testing of multiple chronometric curves mixed with multiple psychometric 
factors (see Meredith and Tisak, 1984; McArdle, 1986a,b). 
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The model specification of only a single common developmental func- 
tion which itself has biometric components is only one limited way to 
analyze these kinds of data. By structural design this mathematical model 
restricts patterns of continuity and change so that some of the same fun- 
damental genes and environments are expressed throughout all discrete 
time periods. To conform with this seemingly rigid pattern of change over 
time, I use a statistical model which actively seeks out only these re- 
stricted forms of latent biometric sources. As I have shown, some aspects 
of these modeling ideas are testable in real data. However, these analyses 
are more "empirical and exploratory" than "causal and confirmatory," 
and this shows how this model may be used at many stages of substantive 
research and with many different curve forms. 

Another key idea here is biometric in origin: Given the constraints of 
proper data design, any model with variance and covariance parameters 
can be respecified to include biometrically defined sources of these com- 
ponents. The prior work of Martin and Eaves (1977) and Jaspars and 
deLeeuw (1980) has been closely followed here. Extensions here include 
models which separate biometric curves and models which specify more 
complex biometric theory in more extensive data designs (see Eaves et 
al., 1978; Loehlin, 1979; Cattell, 1982). Due to the limited set of available 
data, I have examined only one of these many biometrically driven factor 
rotations. 

Some may view much of the recent structural equation literature as 
a technological dressing for old modeling problems--and scientists are 
often critical about current fashion (e.g., Horn and McArdle, 1980; 
DeFries, 1979). Indeed, the modeling presented here was specifically de- 
signed to update and add a few small refinements to the creative analyses 
of Vandenberg and Falkner (1965) (Fig. 1). So, even if my latent variable 
modeling serves only to highlight these earlier techniques, this presen- 
tation will have served its purpose. 

APPENDIX: SOME BASIC ALGEBRA FOR MOMENT STRUCTURE 
MODELING 

A.1. The Basic RAM Algebra (see McArdle and McDonald, 1984) 

Let 

v = Av + u, S = %{uu'}, g = Fv, F = [I:0], 

SO 

and 

r 

E = (I - A) -1 = ~ A i = I + A + A 2 + "" + A  ~, 
i = 0  
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C = %{vv'} = ESE', M = %{gg'} = FESE'F', 

where v = (t x 1) vector of all model random variables, u = (t x 1) 
vector of unique random variables, g = (p x l) vector of manifest (given) 
model variables, A = (t • t) asymmetric (arrow) matrix of deterministic 
coefficients, S = (t x t) symmetric (span) matrix of stochastic coeffi- 
cients, F = (p x t) partitioned matrix of unity and zero coefficients, E 
= (t x t) asymmetric matrix of  total effect coefficients, C = (t • t) 
symmetric matrix of moment  structures among all variables, M = (p x 
p) symmetric matrix of moment structures among the given variables, and 
%{X} = matrix valued "expec t ion"  operator of X. 

A.2. Moment-Structure Maximum-Likelihood Estimation (MLE) via 
Covariance Function (See SOrbom, 1978; J6reskog and S~rbom~ 1981; 

Horn and McArdle, 1980) 

Let  

G 

F(MLE)  = ~ Nzf~, fz  = {In I Xz 1 - In 1 Sz I} + {tr[SzXz -~] -pz} ,  
z = l  

where F (MLE)  = multiple independent group M L E  function (weighted 
sum of  f~), N~ = sample size for group z, p~ = number of manifest 
variables for group z, fz  = M L E  "covar iance"  fitting function for each 
individual group, S~ = (pz • pz) matrix of manifest covariances obtained 
from data, and ~z = (pz • pz) matrix of manifest covariances expected 
by model. 

By letting p~* = p~ + 1 and 

M, = L[xz,] [1] j '  nz  = L[~z, ] [1] ] '  

we have 

f*z = { l n [ ~  [ - ln l M z [ }  + {tr[M, ~ - ~ ]  - p*} 

: {In I Zz + [ ~ '  - ~ ' ]  [ - l n [ s z  + [x~x/ -  x~x/] l}  

+ {,rl-rxz = + , 1, 
={lnl~,~l-lnlS~l}+{tr[Sz'Z,~-']-p~}+{[x~ - ~ j  " ' Z . z  - " - x L  z - r , , d } ,  

where Mz = mean augmented matrix of  manifest moments around zero, 
l'lz = mean augmented moment  matrix of  model expectations around 
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ze ro ,  xz = v e c t o r  o f  m a n i f e s t - v a r i a b l e  m e a n s  f rom da t a ,  tXz = v e c t o r  o f  
m a n i f e s t - v a r i a b l e  m e a n s  f r o m  m o d e l ,  and  f*z  = c o m b i n e d  m e a n  and  co-  

v a r i a n c e  f i t t ing  f u n c t i o n  for  g r o u p  z. 
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