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INTRODUCTION 

A review of current textbooks of medical genetics (Goodman, 1970; Roberts, 1970) reveals 
that few, if any, of the common familial illnesses show simple Mendelian ratios. Many of these 
diseases may be considered semi-continuous traits, so that affected individuals manifest variable 
severity and normal individuals cannot be graded. Often either severe subforms or mild pre- 
clinical forms are defined, and the severity along with the presence or absence of the condition 
may be inherited in whole or in part. Use of these subforms as parameters in genetic models 
rather than their exclusion in favour of an all-or-none classification may help in the under- 
standing of the genetic architecture of the trait. 

Several different modes of transmission have been proposed, including single-locus two-allele 
models with variable penetrance in one or all genotypes; multifactorial models in which many 
genes of small effect and environmental sources of variance play a role; and combinations of the 
two. Attempts to distinguish between the various modes of transmission have not been successful 
and Morton et al. (1971) has concluded that ‘it is exceedingly difficult, and may be practically 
impossible, to infer the genetic basis of traits which do not give regular Mendelian ratios.’ 

To understand the nature of the variation with respect to disease status, it is helpful to postulate 
an underlying continuous variable, termed the liability by Falconer (1965), which is a linear 
scale representing the contribution of all genetic and environmental influences that make an 
individual more or less likely to  manifest the disease. A threshold is defined so that individuals 
whose liability exceeds the threshold manifest the disease. More severely affected individuals 
are assumed to have a higher liability than less severely affected individuals. If a more severe 
subform of the disease is clinically distinguishable, a second threshold on the liability scale is 
defined; individuals with liabilities above this second threshold manifest the more severe sub- 
form. The positions of the two thresholds in relation to  each other, and in relation to  the mean 
liability of the population, are functions of the population prevalence of the two forms. The 
narrower form of the illness (less common) is entirely nested within the wider form (more 
common) and all individuals with the narrower form are counted as suffering the wider form 
as well. The population may thus be divided into three categories with respect to the trait: 
‘unaffected’ (u),  ‘wide but not narrow’ (w-n)  and ‘narrow’ (n) .  Examples of less common and 
more severe subforms of diseases which fulfil the above criteria are juvenile diabetes, malignant 
hypertension and catatonic schizophrenia. 

Mild pre-clinical syndromes when combined with the major forms of the diseases they rep- 
resent include a greater proportion of the population than the disease alone, and are found in 
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diabetes, schizophrenia and centrencephalic epilepsy. These pre-clinical syndromes represent a 
wider category of the disease and define a second threshold at a lower level of liability than the 
threshold of the traditional criteria of diagnosis. 

The subdivision of a disease category and the hypothesis that the severity, as well as the 
presence or absence of the disease, is inherited allows several variables, usually regarded as 
independent, to be related. These are the severity of affliction of the proband, the incidence in 
his relatives and the severity of the disease in his relatives. When compared with relatives of 
probands with a wider form of the disease the relatives of probands with a more severe illness 
are expected to be more frequently affected with all forms of the disease and to manifest the 
severe form more frequently. 

In this paper a single-locus two-allele model (single gene model) and a multifactorial model of 
inheritance are described. The behaviour of traits transmitted by each mechanism is compared 
at one and two thresholds. It will be shown that over a wide range of population prevalences 
and incidences among fist-degree relatives of patients, the analysis of family data at  two 
thresholds enables a distinction to be made between thc single gene and multifactorial modes of 
transmission. Initially the models are described algebraically and graphically, then a method 
of estimating the parameters which define each model is given, and finally the models are 
compared. The comparison is made in two stages: (a)  the conditions in which a single gene trait 
is distinguishable from multifactorial inheritance and ( b )  the conditions in which a multifactorial 
trait is distinguishable from single gene inheritance. An example is included. 

ltelatives whose coefficient of relationship is less than 112 are not considered, because i n  
practice the quality of information about them is usually inferior to that of the first dcgrcc 
relatives. 

DESCRIPTION OF THE MODELS 

Different formulations of the multifactorial model have been offered by Crittenden ( 1(3G1), 
Falconer (1965), Edwards (1969) and Smith (1970). Each enables the correlation in liability 
between relatives to be calculated from a lrnowledge of the population prevalence and the i r e -  
valence among relatives of affected individuals. In  this paper a modified form of the Falconer 
model is used. The modification takes into account the reduction in variance expected in tlie 
relatives of probands when compared with the entire population and closely approximates to 
the empirical distribution of correlations between relatives obtained by Smith ( 1970). 

The single gene model presented here is a single-locus two-allele model in which a proportion 
of each genotype is affected. The alleles are thus incompletely penetrant and those individuals 
who manifest the disease have a liability greater than a threshold defined by the population 
prevalence of the disease. 

The multijactorial model 

The multifactorial model is based on the following assumptions. (1) all genetic arid environ- 
mental causes of the disease may be combined into a single continuous variable termed tlie 
liability. (2) The population is divided into a number of recognizable classes by one or more 
thresholds. (3) The distribution of the liability in the general population is normal or can be 
transformed to a normal distribution. (4) Genes which are relevant to the aetiology of the 
disease are each of small effect in relation to the total variation. (5) Although the multifactorial 
model does not generally require it, genes are assumed to act additively. This assumption is 
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Fig. 1. Three distributions representing the general population (above) and relatives of affected 
individuals (below) a t  two thresholds. ?’, Threshold ; G ,  mean liability of general population; 
A, mean liability of affected individuals (probands) in general population; R, mean liability of 
relatives of affected individuals ; R p ,  prevalence of disease in population ; I<,, provalenco of disease 
in  relativcs of probands; X p ,  deviation of threshold of probands from population moan, the normal 
deviation ; X,,  deviation of threshold of relatives of probands from relative mean, the normal 
tlrviatc ; a,  mean deviation of probands from population mean: 

1 c-$x=P 
a=--.  

4 2 4  K P  

711, More common form of disease (includes n) ; 11, less common form of disease (when considering 
only one threshold subscripts w, n are omitted); r ,  phenotypic correlation of liability between 
relatives; 1 ~ 2 ,  heritability of the liability to develop the disorder. 

made to allow data from sibs to be combined with those for parents and offspring. (6) Environ- 
mental contributions to the aetiology of the disease are due to many events whose effects are 
additive. (7) The model does not assume the absence of environmental effects common to rela- 
tives, though this assumption must be made when genetic parameters are estimated. 

If the assumptions are valid then the phenotypic correlation between relatives may be esti- 
mated and is independent of the mean liability of the population. Accordingly, the correlation 
in liability between relatives is expected to remain unchanged when calculated from different 
thresholds. 

The distribution of liability in the population and among the relatives of affected individuals 
is displayed in Fig. 1, and the parameters to  be used are defined below. 
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Fig. 2. Graph of the correlatioii in liability between relatives as a functioii of prcvnlcrice in t t i ( .  

population ( K p )  and prevalence iii rdatives of affected iiidividiials ( K R ) .  

One threshold 
Since the unit of measurement of the liability is taken to be the standard deviation, the total 

variance of liability in the population = 1. 
The variance of affected individuals is less than the population variance by a(a - xp) and the 

variance of the relatives of affected individuals is less than the population variance by r2a(a - xl,) 
(Pearson, 1903; Mendell & Elston, 1971)) where r is the corrolation between relatives in liubility. 
Therefore the total variance of relatives of affected individuals is 1 - r2a(a - xp). Modification of 
Falconer's (1965) formula to allow for the reduced variance of relatives yields 

xp - x,,/[ 1 - r%(a - zp)] r =  
U 

By rearrangement 
xp - ar 

J [  1 - &(a - xl,)] * 
X I t  = 

Solving (2) for r gives 
Xp-X,& - (&-&) ( 1  -(+/a))] 

u + x; (a - xp) 
r =  

taking the root giving 0 < r < 1.  
If the environmental variance common to relatives is negligible then r = l/2hz for relatives 

whose coefficient of relationship is 1/2, and r = h2 for monozygotic twins. 
If the population prevalence and prevalence in relatives are known, the correlation in liability 

between relatives may be calculated from (3). The relationship between K,, K ,  and r is shown 
in Fig. 2,  which may be used t o  estimate r directly. For example, if K ,  = 0.10 and K,, = 0.22 
then r = 0.30. This method is not exact but gives good approximations. 
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Two thresholds 
Affected individuals are subdivided into wide and narrow categories defining the following 

para,meters, when relatives are classified by the same criteria as probands. 

K P ~ ,  Kpn 
KR,, K,, 

XRW,  XRn normal deviates for K,, and KAn, 
X P W ,  XPW normal deviates for K,, and Kpn. 

population prevalence of wide and narrow forms of the disease, 
prevalences of wide disease in relatives of wide probands and of 
narrow disease in relatives of narrow probands, 

The prevalence of one form of the disease in the relatives of probands with the other form may 
also be observed. This will be referred to as the cross prevalence. 

The parameters related to cross prevalences are: 

Kkl  
KkW 
xRn and xhw normal deviates for Khrh and Ki3,. 

prevalence of narrow disease in relatives of wide probands, 
prevalence of wide disease in relatives of narrow probands, 

l 

By insertion of appropriate subscripts in (2): 

The correlations derived from the cross prevalences, obtained from these equations are as 

When derived from K,, and Kkn 
follows: 

The four values of r obtained by observations at  two thresholds of the prevalences (3) and 
cross prevalences (8, 9), are expected to be equal if the assumptions of the model are correct. 

If the data are available at  only one threshold the multifactorial model is simply a device for 
calculating the correlation in liability between relatives. Any values of K ,  and KR will yield 
estimates of r (Fig. 2) and the assumptions on which the model rests cannot be tested. If obser- 
vations are made at  two thresholds, however, there is sufficient information to estimate r and 
to test the goodness of fit of the model to the data. The model and its assumptions then become 
a testable mechanism of inheritance. 

The single-gene model 
The single-gene model is based on the following assumptions. (1) At a single relevant locus 

only two alleles A ,  and A ,  occur, or if there are more than two alleles only one differs from all 
the others in its effects on the disease. (2) Within each genotype the liability is normally dis- 
tributed among individuals. (3) Variation in liability between individuals of the same genotype 
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Fig. 3. Distribution of liability in genotypes A,A, ,  A ,A , ,  A,A,.  Each gcnotypo truncated by two 
thresholds. y = 0.5, nz1-m2 = 3 s.D., m2-nz3 = 1.5 s.D.; ml. mean liability of genotype =I,d,; 
tn , ,  mean liability of genotype A,A, ;  ma, mean liability of genotype A , A , ;  T, thresliold;f,, pl.upo1'- 
tion of A,A,  affected by disease;f,, proportion of A,A,  affected by disease; f3, proportion of -.1,=1 
affected by disoasc; X,,  X,, X,, normal doviates corresponding to fi, f,, f,. Subscripts u' and )L 

refer to wide (more common) and narrow (less common) forms of the disease and arc omittrcl 
when one threshold is considered. At, distance between thresholds in S.D. units. 

at the locus is entirely environmental. (4) The variance of the liability is the same in each gcwo- 
type. (5) One or more thresholds occur which divide the population into recognizable classes. 
( 6 )  The genotypes are in Hardy-Weinberg frequencies. 

Fig. 3 shows the distribution of liability within each genotype, and the relation of the geno- 
types to each other and to the thresholds. 

One threshold 
Consider first the properties of the model with respect to a single threshold. The geiiot'ype 

frequencies and the proportions of each genotype that are affected (i.e. the penetrances) arc 
defined as follows: 

Genotype A 1 4  AlA2 4 4 2 4 4 2  

Frequency P2 2PP q2 
Proportion affected f l  f 2  f 3  

It is assumed that fi < f2 < f 3 .  
With only one threshold the single gene model has four parameters which have to be estimated 

before a full understanding of the genetics of the disease can be obtained. These are the gene 
frequency, q, and the three penetrances, fl, fi, f3. The observable parameters are the population 
prevalence and the prevalences in different sorts of relatives of affected individuals. However, 
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it was shown by James (1971) that the observable prevalences are insufficient to estimate the 
four genetic parameters. In  order to see why this is so we must express the prevalences in terms 
of the four genetic parameters. This is done as follows: 

First the population prevalence is simply derived from the frequencies and penetrances of the 
genotypes as 

The correlation between relatives cannot be derived from the prevalences in the same way as it 
was in the multifactorial model because the distribution of liability is now not normal, being 
made up of three different though overlapping normal distributions. A different approach must 
therefore be taken. Suppose individuals are given a score of 1 if affected and 0 if unaffected. Let 
the mean score of a random sample be Y .  Then Y estimates the population prevalence K,. 
Now let a second sample be taken composed of one relative of each individual in the primary 
sample, and let the mean score of this sample be 2. We then have the expected equality 

KP = PYI + 2Pqfz + P Y 3 .  (10) 

Y = Z = K , .  (11) 

Let y be the score given to any individual in the primary sample and z the score of his relative 
in the second sample. Then the covariance of relatives in the population is given by the mean 
product of the scores y and z, minus the product of the mean scores, Y and 2, assuming both 
samples to be large. Thus 

(12) 

The prevalence in the relatives of affected individuals in the primary sample is obtained as 
follows. The number of pairs in which both members are affected is given by C yz, because in 
all other cases the product yz is zero. The number of affected individuals in the primary sample 
is X Y ,  so the proportion of affected relatives of these is Xyz/C Y .  Expressed as means instead 
of sums this gives KR = ijX/Y. Which by substitution from (1  1) and (12) becomes 

(13) 

COVn = covv, = gz- Y Z .  

K, = K p  + ( 1 / K p )  C O V ~  

The covariance of relatives, expressed in terms of prevalences is therefore 
C O V ~  = K, K, - K$, 

where C O V ~  is the covariance between relatives measured on the scale of incidence, i.e. 1 for 
affected and 0 for unaffected individuals. 

In the absence of environmental sources of covariance, the covariance of relatives is made up 
of portions of the additive genetic variance V, and the dominance variance, V,. 

Thus 
COVn = UV, + VVD, (14) 

where the value of coefficients of VA and V, for the sorts of relatives under consideration are 
Pmeneoffspring Full sibs Monozygotic twins 

U 

2) 

1 
1 

It is therefore possible to estimate VA and V, from the prevalences in relatives of different sorts. 
In terms of the gene frequency and the penetrances the genetic components of variance are 
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Fig. 4. Provalence of disease in (a) siblings (Kaib), ( b )  offspring and parents (Kp,,,) and (c) mono- 
zygotic twins (I&) of affected individuals for varying population frequency. (ml - me) = 3 S.D. 
( tnz-m,) = 5 s . ~ .  (1) Q = 0.005, (2) Q = 0.010, (3) q = 0.050, (4) q = 0.10, ( 5 )  y = 0.50. For 
explanation see text. 

Thus the prevalences in any number of different sorts of relatives provide only two equations 
in terms of the genetic parameters. These equations (15) and (16) together with K ,  (10) provide 
only three equations for the estimations of four genetic parameters. Therefore at  one threshold 
the four genetic parameters cannot be uniquely estimated. 

The relationship between K ,  and KR at a variety of gene frequencies is shown in Fig. 4 (a-c). 
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These graphs were constructed by fixing the deviations between the means of the genotypes 
(m, - m,) and (m, - m3) at  3 and 5 standard deviations respectively. A large number of trunca- 
tions of the population were made a t  increasing values of K,, and the resulting values of K,, 
were plotted for sibs, parents and offspring, and monozygotic twins. The prevalence of affected 
sibs is the same as the prevalence of affected parents and offspring a t  higher population frequencies 
and is elevated a t  lower population prevalences. The relation of K, to K, is curvilinear except 
a t  gene frequencies approaching 0.5. This contrasts with the relation between K, and K], for 
multifactorial inheritance (Fig. 2), where the curve is almost perfectly linear and there is no 
difference between the curves for sibs and parent-offspring. These properties are important in 
distinguishing between the two modes of transmission. 

Two thresholds 
If affected individuals can be subdivided into wide and narrow categories then the following 

parameters are defined: 

flw, f,,, f3w proportion of each genotype affected with wide disease, 
,fin, fin, f 3 1 1  proportion of each genotype affected with narrow disease, 

Xlw, X2,, X 3 ,  normal deviate forfiw, fZw, f3w, 

At distance between thresholds in standard units. 

The gene frequency q is not affected by the subdivision into wide and narrow categories. A 
second threshold subdivides both the probands and their affected relatives into two groups 
thereby increasing the observable parameters fourfold. Only one additional genetic parameter, 
At) is introduced and this additional information enables the genetic parameters to be uniquely 
estimated. By changing subscripts in (10) 

KPW = P Y l W  + 2Pqfzw + q Y 3 w  ( 1 7 )  

and KPn = P2ffin + ZPqfZn + q2f3n, (18) 
from (13) Knw = K I J W  + ( V P W )  COVltW (19) 

COVl,, = PVAW + VVDW 

b w  = 2 P d d f 3 W  - f zw)  + PCf,, -f1w)I2, 

V ! ,  = P2Y2(f3w + f i W  - 2f2w)2.  

where 
and 

In the same fashion Kxn,  VAn and &,, may be calculated. fin, f,, and f 3 r 1  are estimated as 
follows : 

At two thresholds the prevalence of one form of the disease among the relatives of probands 
with the other form may be observed. From (1  3) 

f1, = 4(XlWh fin = 4(XlW+At), f 2 ,  = 4(X, ,+A% f3n  = $(X,W+At). 

Kkw = Kp, + ( l /K lan)  cross covRwn, (20) 

where 

and 

and 

cross COvRWrL = ,u COVAwn + V covDwn 

covAwn = 2 p q [ d f 3 w  -fZw) + P (f2w - f lw) 1 [ d f 3 n  - f 2,) + p(f 271 - f 1 n) 1 
COVDwn = ~ ' ~ Y f 3 w  +fiw-2fzw) (f3n+fin-2S2n) 

(21) 
1 

also K;En = - cross covRWn. 
KPW 

The information obtained by observing the probands and their relatives a t  two thresholds 
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enables VA,, VA,, V’,, V,,, K,, K,, to be estimated, and thus the parameters which uniquely 
define the distribution, q, fiw, f Z w ,  f 3 w ,  At, may be found. I n  addition, the goodness of fit of the 
model to the observations may be tested. 

ESTlMATION OF THE PARAMETERS 

The multifactorial model is completely defined, a t  two thresholds, by KPa,, and r (4)-(9) 
and the single gene model by q, fi,,f2,, f 3 w  and At (17)-(21). If data are available in the form of 
prevalences of two forms of the disease in the relatives of affected probands then the parameters 
required to define each distribution can be estimated and thc goodness of fit of the data to  the 
models can be evaluated. Estimates of the population prevalcnces, K,, and Z(I,,L arc not neces- 
sary, though without them the number of relatives needed for an effective comparison of the 
rnodels with the data is very large. Population prevalences have been included for this reason. 

The first step in the estimation procedure is a rearrangement of the data so that individuals 
are counted only once. Probands are subdivided into wide but not narrow (20 -z) and iiarrow 
(n) categories and relatives into wide but not narrow (w-n) ,  narrow (n) and unaffected (u) 
categories. Population data, when available, are similarly arranged. The data are arrayed in 
the manner shown in Fig. 5.  

The same general procedure is used to estimate the parameters which define each model. 
Initially a wide range of values of these parameters is chosen and the equations which relate 
I<,i and K ,  to  the basic parameters are used to calculate ‘expected ’ values of K ,  and K ,  which 
are consistent with the model. The expected values are arrayed in the same manner as the data 
and a X2-goodness-of-fit is computed. Each of the parameters is iterated in turn and the values 
of the parameters a t  which the x2 is smallest are noted. If 6 values of each of the 3 parameters 
which define the multifactorial model are used then !j3 x2 values are calculated. The range of 
values (where the x 2  is minimal) is further subdivided and the procedure is repeated, until 110 

further decrease in x2 occurs. The ‘best estimates ’ of the parameters occur a t  the minimum x 2  
and are used to calculate the expected values of K ,  and KI,  referred to in the text. 

Multifactorial model 
A three-dimensional search algorithm was used to  generate values of Kpw, K,, and r. From 

equations (4)-(7) expected estimates of Kpn, Kpw, KR,, KR,, Kh,, KLw were computed and 
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arrayed as shown in Fig. 5. From these estimates of K ,  and K p  the remaining cells of the matrix 
(Fig. 5 )  were filled in the following way: the prevalence of the wide-but-not-narrow form of the 
disease among the relatives of w, w - n and n probands was obtained by subtracting the propor- 
tion affected with the narrow form from the proportion affected with the wide form, thus filling 
cells (1,2),  (2,2) and (3 ,2) .  The prevalence of wide or narrow disease among the relatives of 
(w- n )  probands (cells [2,1] and [2,3]) was given by, 

Klkw = (KBw Kpw - KkwKpn)/(Kpw - KPn), (22) 

and K>n = (KXnKpw -KnnKpn)/(KPw-Kpn), (23) 
whcre K” refers to relatives of (w - n) probands. 

The ‘expected’ matrix thus formed and the observed matrix were used to calculate a goodness 
of fit x2. During the search procedure K,,, Kpn and r were iterated until the x 2  was minimized. 
The best estimate of KPw, KPn and r ,  and the goodness of fit x2 of the multifactorial model to 
the data were thus computed simultancously. Degrees of freedom (D.F.) were given by the 
number of independent comparisons which were ( N -  3), where N is number of comparisons. 
If a population and three groups of relatives is studied the D.F. are (14 - 3) = 11.  

Single gene model 

and At. 
From equations (17)  to (21) ‘expected’ population prevalences and proportions of affected sibs, 
parents and offspring were computed. These ‘expected’ values were rearranged in the same 
way as described above, and compared with the appropriate observed group. The x2 was mini- 
mized and thus the best estimates of the parameters were obtained, the remaining x2, with 
(N - 5) D.F. testing goodness of fit. 

Standard errors of the estimated parameters were obtained by the method of the ‘best asymp- 
totic normal estimator’, as outlined in the appendix. 

A five-dimensional search algorithm was used to generate values of q, fiw, fi,, 

MULTIFACTORIAL VERSUS SINGLE GENE INHERITANCE 

To conclude that a trait is transmitted by a specific mechanism it must f i s t  be shown that 
the mechanism is consistent with the data and, secondly, that no other reasonable mechanism 
can account for the data as effectively. The approach outlined in this paper assumes that there 
are only two likely modes of transmission and that a third possibility would not be considered 
if the data were consistent with one or both models. 

By examining the conditional probabilities associated with the goodness of fit chi-squares 
already computed, a decision can be made as to whether one, both, or neither of the models fits 
the data. If only one model fits, i t  is accepted as the mode of transmission of the trait. If both 
models fit, the one with the better fit is more likely, though the latter conclusion is not strongly 
based. 

A decision as to which model should be used depends on the use to which it is put. In  most 
cases, the three parameter multifactorial model is easier to use, especially when calculating the 
probability that a particular relative will fall ill with a specific form of the disease. If both models 
fit the data well, then if either model is used the estimate of the required probability will be 
similar. 

The comparisons between the models which follow are aimed at finding the conditions in 
which one mechanism can be unambiguously identified and the other excluded. 
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Comparison between the models at a single threshold 
Single gene traits 

From equations (13) and (14) it may be seen that if V,/V, and cov,/K, are large then the 
prevalence of affected sibs is greater than that of affected offspring or parents. This occurs wheii 
f2 is small in relation tofs and Mendelian recessive inheritance is approximated. The multifactorial 
model presented here does not allow for dominance variance in liability, and consequently the 
expected prevalence in affected sibs, parents and offspring is the same. Under these conditions 
a single gene trait may be identified and multifactorial transmission excluded. The coefficient of 
the dominance variance, and hence the discrimination i t  offers, is greatest for monozygotic 
twins. 

Multifactorial traits 
Among individuals whose coefficient of relationship is 112 or less, any values of K, and li,, 

can be equally well explained by the single gene and multifactorial models, if K, is Q 50 76 and 
Ksib = Kplo. This can be seen by comparing the distribution of (K,, K,) in Fig. 2 with that of 
Figs. 4 and 6. For valuesof K,greater than 30 yo, K,, may be greater than 50 yo. The multifactorial 
model, however, includes additive X additive interaction components on the incidence scale, 
which are absent in a single locus model. The interaction components have a maximal contribu- 
tion for monozygotic twins, where their coefficient is unity. The epistatic effect is greater for 
high heritabilities and low population prevalences (Dempster & Lerner, 1950). In these circum- 
stances the proportion of the genetic variance which is due to cpistatic interaction is increased 
and the inclusion of monozygotic twin prevalences, as well as those for parents, sibs and offspring, 
may offer a distinction between the models. 

Unfortunately both the above differences between the models have a small effect and a 
limited range, diminishing their practical significance (Smith, 1971). 

Single gene traits Comparison between the models at two thresholds 

Although dominance on the incidence scale may be absent at  a single threshold i t  must always 
be present a t  one of two thresholds (TU, + T,). Its magnitude is related to the distance between 
the thresholds and hence to the differences in population prevalences a t  the two thresholds. 
The effect of the dominance variance on the prevalence of affected relatives depends on V,/C:, ( 13) 
and COVR/K~ (14) being large, at  one or both thresholds. In  these circumstances the proportion 
of affected sibs is higher than that of affected parents or offspring at the appropriate threshold. 
Cross prevalences are similarly affected but to a lesser extent. For reasons previously given the 
dominance effect is greatest when monozygotic twins are included in the analysis. If the effect 
of dominance variance is pronounced at  one or both thresholds the single gene trait mny he 
distinguished from multifactorial inheritance. 

Comparing Figs. 2 and 4, it  can be seen that over a wide range of relevant values the plot of 
K, against K, is linear for multifactorial but curvilinear for single gene inheritance. This 
property is important in distinguishing the models. 

multifactorial trait has two recognizable thresholds, and if the points (KPw, KRw) and 
(KPn, ITRn) are plotted directly on Fig. 2 then the line joining these points must pass near or 
through the point (1,  1) .  This is true of all of the multifactorial models. Reference to Fig. 4 shows 
that for single gene inheritance the line joining these points may not pass through (1 ,  1) and may 

If 
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even have a negative slope. The magnitude of this difference between the models depends on 
the differences in the slopes of the two curves and the distance between the two thresholds. 

As the means of the liability of AIAl  and A,A,  (Fig. 3) approach each other, the single gene 
model becomes increasingly linear in K,, KR and the slope of the line more closely resembles 
that for the multifactorial model. Under these conditions the distinction between the models 
based on linearity becomes less effective. The approach to linearity is greatest when there is 
no dominance on the underlying scale, ( (ml -mz)  = (mz-m3)) ,  and the less the dominance the 
greater the deviation between the homozygotes, (m, - m3), required to discriminate between the 
models. I n  the presence of a considerable degree of dominance on the underlying scale the 
moclels may be distinguished when the means of the homozygotes are about 1.5-2.0 S.D. apart. 
In  the absence of dominance, the deviation between the homozygotes at relevant values of K p  
must be about 3-0-4.0 S.D. or more for the models to differ enough to permit discrimination. 

The relationship between K ,  and K ,  for sibs, offspring and monozygotic twins is shown in 
Fig. 6. These graphs were constructed in the same fashion as those of Fig. 4, except that  in 
Fig. 6 (m,-m,) = 3 S.D. and (m,-m,) = (mz-m3). 

By comparing Fig. 4 with Fig. 6 the increased linearity of the Kp,  K,, distribution as m, 
approaches m3 may be seen. The greater resemblance of the single gene model, in terms of this 
distribution, to the multifactorial model (Fig. 2) is also apparent. Although (m, - m,) = (m, - m3) 
the proportion of affected sibs and offspring still differs at lower values of K,. Since the distri- 
bution of (K,, K,) for monozygotic twins least resembles that of multifactorial inheritance their 
inclusion in an attempt to distinguish between the models increases the resolution of the com- 
parison. It may also be seen by comparing Fig. 4 and Fig. 6 that  as m, approaches m3 the ratio 
of K, ,  to K p  approaches 1. For large ratios of KR to  K,, therefore, the single gene model remains 
curvilinear and i t  is this property and in this range that single gene traits may be recognized 
and multifactorial inheritance excluded. 

If Fig. 2 were superimposed on Pig. 4 or Fig. 6 it is possible for the points (Kpw, KRW) and 
(KI>n, KRn) to be the same for both models. At these points of intersection the models behave 
alike in terms of prevalences and cross-prevalences among 1st degree relatives and can only be 
distinguished if data on monozygotic twins is available. There is no reason to expect single gene 
traits to have pairs of thresholds a t  such points with high frequency and this phenomenon 
should not present any difficulty in identifying genes of major effect. On the other hand i t  does 
make the exclusion of single gene inheritance much more difficult. 

Multifactorial traits 
The conditions under which multifactorial traits do not fit the single gene model were investi- 

gated by using the multifactorial model to  generate data a t  two thresholds and then finding the 
single gene model which best fitted these data. Values of Kpw from 0.15 to  0.01 and of K,, 
from 0.05 to 0.001 were used. r was allowed to vary from 0-20 to 0.50. The proportions of affected 
parents, sibs and offspring were calculated using equations (4)-( 7). 

When the value of r was greater than 0.40 and the ratio of Kpw to K,, was greater than about 
10 or 15, a single gene model could not be found which adequately fitted the data. At less extreme 
values, the differences between the models were too small to be of practical significance. I n  
Table 1, three traits which were generated using the multifactorial model are displayed along 
with the single gene models most closely resembling them. Cross-prevalences are omitted and 
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Fig. 6. Prevalence of disease in (a) siblings (K.,J, (b )  offspring and parents (KplO)  and (c) mono- 
zygotic twins (+&%) of affected individuals for varying population frequency. (ml - m z )  = 1.5 Y.u., 
(ma-m,) = 1.5 S.D. (1) q = 0.005, (2) q = 0.010, (3) q = 0.050, (4) q = 0.10, (5) q = 0.50. 

the values of K,, refer to the proportion of relatives with the same form of the trait as the proband. 
K,, was 0.05 and K,, was 0.005, in each case. 

A single gene model adequately fits these data generated by the multifactorial model, and the 
modes of transmission of these traits could not be inferred. In these examples, the single gene 
model which offered the best fit to the data had little dominance variance in liability. 
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Table 1. Three traits generated by the multifactorial (M.F.) model, at two thresholds (Kl,w = 5 yo, 
K,, = 0.5%) and the proportions of affected relatives expected by the single-gene (s .G.)  model 
which best fits these data 

(P.o. = parents and offspring, proportions are expressed as yo) 
(Krw = 5 % )  ( K P n  = 0 .5  %) 

K R w  KRtI 
c A \ 7 i - 7  

P.O. P.O. 
and sibs Sibs P.O. atid sibs Sibs P.O. 

Trait r 4 (?)&l-TIEZ) ( ? ) Z 2 - ? 1 L 3 )  M.F. S . O .  S.G.  M.F.  S.G. S.G. 

(a) 0-20 0.076 1.228 0.856 10.6 10.6 10.5 2.1 2' I 1'9 
( b )  0.30 0.048 1.638 1'304 14'3 14.6 14'5 3'7 3.8 3'2 
(c) 0.40 0.030 2.038 2.046 18.9 185 18.5 6.2 6.4 5.0 

The comparisons between the models a t  two thresholds using only the prevalences of affected 
first-degree relatives of probands may be summarized as follows. The parameters which define 
each model and the goodness of fit of each model to the data may be estimated. Those single 
gene traits in which the deviation betwecn the means of the homozygotcs, on the liability scale, 
is greater than about 2.0 standard deviations or in which a dominance effect is prominent at 
either threshold are expected to fit only the single gene model. Those multifactorial traits in 
which the value of r is greater than about 0.40 and in which the population prevalence of the 
wide form of the disease is more than about 10-15 times the prevalence of the narrow form are 
expected to  fit only the multifactorial model. Most multifactorial traits are therefore expected 
to fit both models, whereas traits which are due to  a single gene of major effect are expected to  
fit only the single gene model. 

Two approaches are available which will improve the discrimination between the models 
and may enable the mode of transmission of EL greater range of traits to be determined. The 
parameters of each model may be used to  predict either the proportion of affected relatives at 
a third threshold, or the concordance between monozygotic twins. For example, if trait (c)  in 
Table 1 had a third threshold defining a category affecting 10 yo of the population, the propor- 
tion of first-degree relatives similarly affected would be 27 yo using the multifactorial model, 
and 2 1 yo using the single gene model. The cross-prevalences would also differ and by comparing 
the expected and observed prevalences of affected relatives a t  a third threshold, discrimination 
between the models might be possible. Another way of using data made available by analysis 
of the population a t  a third threshold would be to calculate the best-fit parameters for all three 
thresholds simultaneously. Although this method might be statistically more powerful, the 
current approach was taken because the necessity for analysis a t  three thresholds is only apparent 
after the analysis has been made at  two thresholds. 

The concordances between monozygotic twins for traits (a ) ,  (b)  and ( c )  in Table 1 predicted 
by the single gene and multifactorial models are shown in Table 2,  and are sufficiently divergent 
to  be of practical use in discriminating between the models. 

12 H G E  36 
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Table 2. Parameters which define each trait in Table 1 are used to predict the concordance 
of monozygotic twins 

(Traits are not distinguishable when proportion of sibs, parcnts and offspring are compared as in 
Tablo I. rmx = correlation in liability between monozygotic twins. Proportions expressed as yo. 
KP,,  = 5 % ,  K P ,  = 0 - 5 % . )  

Trait 

( a )  Toll = 0.40 

( b ) :  rmz = 0.60 

(c) r , ,  = 0.80 

Multifactorial 
Twin 

__h___\ 
W I2 

Probands(: 18'9 
29'9 

Probands(: 31'2 
54'4 

3 ' 0  
6.2 

5'4 
15.3 

ProbandsIn uq 50.4 85.1 8.4 
34'3 

Single gene 
Twin 

r 
W ) I  

16.2 
23.6 
24.6 
38.7 
3 2.0 5 '4 
54'4 15 '2  

URETHANE-INDUCED LUNG TUMOURS IN MICE 

The data presented here are part of a study of the genetics of lung tumours in mice by Dr 
J. L. Bloom (Falconer & Bloom, 1962) and were kindly made available by Professor D. S. 
Falconer. I n  this experiment a random-bred strain of mice was used. At weaning, mice were 
injected with a standard dose of urethane and autopsied a t  23 weeks of age. Tumours visible on 
the surface of both lungs were counted and used as a quantitative trait. This material was 
suitable for the type of analysis previously described because thresholds could be set a t  :lny 
desired level. Furthermore, the frequency distribution of tumour number showccl little bimodality 
(Falconer & Bloom, 1964) and the presence of a single major segregating gene was unlikely. 
The analysis was therefore directed to  see if the single gene model could be excluded. In the 
present context eleven or more tumours were arbitrarily chosen to represent a wide threshold 
which affected 28.7 yo of all mice. A narrow threshold was chosen a t  18 or more tumours and this 
represented 9.3 yo of the mice. Records on 536 individuals were available. Probands were divided 
into those with wide-but-not-narrow and narrow forms of the disease. The proportion of affected 
sibs, parents and offspring, and the degree to which they were affected are shown in Table 3. 

A thrre-dimensional search in K,,, K,,, and r was conducted to find the multifactorial modcl 
which most closely approximated to the observntions. This yielded K,, = 27.3 k 1.1 %,, 
K,,, = 8.7 yo i- 0.6 and r = 0.31 f 0.03. The expected proportion of affected relatives assuming 
rnultifactorial inheritance is shown in Table 4. The x 2  goodness of fit with the observed proportions 
was 14.99 with 11 degrees of freedom (0.25 > P > 0.10) and the data fitted the multifactorial 
model very satisfactorily. The concordance of monozygotic twins predicted by the multifactorial 
model, using the above pzrameters is shown in Table 4 ( b ) .  The concordance of monozygotic 
twins prodicted by the multifactorial arid single gene models will be compared to test their 
utility in discriminating between the models. 

A five-dimensional search procedure was used to find the single gene model which best ex- 
plained these data. Genetic parameters of the single gene model which best fit the data were 
(I = 0.19 f 0.01, fi, = 0.12 0.01 and the At = 1.20 k 0.07. 
The x2 goodness of fit with the observed proportions was 10.20 with 9 D.F. (0.50 > P > 0.25), 
and the data fitted the single gene model. The expected proportion of affected relatives is shown 

0-02, fi, = 0.56 & 0.02, faa = 1.0 
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Table 3. Observed proportions (in %,) of affected relatives of probands with 
11-17 or 18 + lung tumours in a random-bred strain of mouse 

(Tumour number = number of tumours visible on the surface of both lungs.) 

Sibs (no. = 366) 
7 - A  7 

Tumour no. I 1  + I 1-17 1 8 +  
( I 1  + 

Probands I 1-17 
1 1 8 +  

42.1 26.3 15.8 

51.3  2 6 3  24.8 

Parents (no. = 143) 

37'7 26.2 11'5 

Tumour no. 
( I 1  + 

Probands I 1-17 

\ 1 8 +  

Tumour no. 
(11 + 

Probands I 1-17 
118 + 

7- 

I 1-17 I 1  + 
38.5 23.8 
29'9 19.6 
56.5 32.6 

Offspring (no. = 171) 
<--h---- 

I 1  + 
32'3 19'9 
23'2 15'4 
51.0 29'4 

I 1-17 

-7 

18 + 
14.7 
10.3 
23'9 

-7 

I S +  
12.3 
7.8 

21.6 

Table 4 

(a)  Expected proportions (in yo) of affected parents, sibs and offspring under conditions of multi- 
factorial inheritance. x2 goodness of fit of the model to data in Table I has been minimized. 

Ribs, parents and offspring 
f 7 L-___ 

Tumour no. l I +  I I -17 18+ 

Probands I 1-17 37'4 24.2 1 3 2  
( 1 1  + 41.0 25'5 15'5 

\ I S +  48.7 28.2 20.5 

( b )  Concordanca of monozygotic twins predicted by the multifactorial model using 
ptirameters derived in (a).  

Concordtilice of monozygotic twins 
~ - - -  -L--- 

Tumour no. I 1  + I 1-17 1 8 +  
57'5 33.6 23'9 
49'7 33'0 I 6.7 

7 

(I1 + 
\ 1 8 +  74'2 34.8 39'4 

Probands 11-17 

in Table 5(a )  and the predicted concordance of the monozygotic twins in this mode of trans- 
mission is shown in Table 5 (b). 

Comparison of Tables 4(a)  and 5(a)  with Table 3 indicates that although the single gene 
model gives a better fit to the data, both models are acceptable. Comparison of Table 4 (b)  with 
Table 5 (b)  shows that the expected concordances between monozygotic twins differ considerably 
when they are predicted by the two models. If monozygotic twins were available for study they 
would probably be useful in deciding between the models. 

In order to test the alternative method of improving the discrimination between the models 
a third threshold was chosen at  23 or more tumours, which represented 4.9 % of the population. 
The proportion of parents, sibs and offspring of these probands (23 + ) who had 0-10, 11-22 and 

12-2 



180 T. REICH, J. W. JAMES AND C. A. MORRIS 

Table 5 

(a )  Expected proportions (in yo) of affected sibs, parents and offspring under conditions of single 
gene inheritance. xa goodness of fit of the model to data in Table I has becn minimized. 

Sibs 
7-- m 

Tumour no. I 1  + I 1-17 18+ 

Probands I 1-17 34'3 23'5 10.8 
(11 + 39.1 23.8 15.3 

\18+ 50'0 245 25'5 
Parents and offspring 

A 
I > 

Tumour no. I1 + I 1-17 1 8 t  
(11 + 

Probands. I 1-17 
[18+ 

39.1 23.8 15.3 

50'0 28.0 22'0 
34'3 22'0 12.3 

( b )  Concordanco of monozygotic twins predicted by tho single gene model using parameters 
derived in (a). 

Concordance of monozygotic twins 

Tnniour 
110. 

0-10 

11-12 

23 + 

0-10 
11-12 

23 + 

Tumour no. I 1  + I I -17 18+ 
( I 1  + 

Probands I 1-17 
\18+ 

49'8 27'9 21.9 
40.2 30'4 9.8 
71.5 22'2 49'3 

Table 6. Observed and expected distributions of tumour number among the 
parents, offspring, (P.O.) and sibs of mice with 23 or more tumours 

Observed 
(%,I 

43'9 
45'5 
10'5 

43'6 
51'2 

5'1 

Single geno model 

p.0. (39) 
41'9 

19.2 
38.9 

x2 
0.05 

5'17 
6.69 

11.91 

0'02 

1'59 
4'04 
5'65 

Multifactorial Model 

Expectctl 
(70) x2 
48'3 0.19 
37.1 I '09 
14.6 0.64 

1-42 

48.3 0.17 
37'1 2.06 
14.6 2'39 

4.62 

Total x2 testing goodiiess of fit: 
Single gone model, ?la = 17.56, D.F. = 4 (1' < 0.005) .  
Multifactorial modol, x2 = 6.54, D.F. = 4 (0.25 > P > 0.10). 

23 or more tumours was observed. Parentsand offspring were combined into a single group since 
the predictions about these groups were identical and the observations were very similar. Tho 
expected distributions of tumour number among the relatives under conditions of multifactorial 
and single gene inheritance were computed using parameters previously derived from analysis 
of the data at  two thresholds. The observed and expected proportions of affected relatives are 
compared in Table 6. 
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The goodness-of-fit x2 of the single gene model to the data was 17.56 with 4 D.F. (P < 0-005), 
and the goodness-of-fit x2 of the multifactorial model was 6.54 with 4 D.F. (0.25 > P > 0.10). 
The single gene model may therefore be rejected and the multifactorial model accepted as the 
mode of transmission of urethane induced tumours in this strain of mouse. The analysis of the 
mouse tumour data illustrates a situation where even with two thresholds either model fits 
equally well, but introduction of a third threshold enables one mode of transmission to be 
excluded. If  monozygotic twins were available for study a similar result would have been 
expected. 

DISCUSSION 

Several methods which have been used in the past to distinguish between multifactorial and 
modified single gene inheritance appear to  be fallacious, partly as a consequence of the results 
presented here. I n  the first of these a single gene model is fitted to  data in the form of population 
prevalences and proportions of affected relatives of probands a t  a single threshold. If an adequate 
single gene model is found, single gene transmission is assumed, since additional loci need not 
be postulated. Our results indicate that, a t  one threshold, the single gene and multifactorial 
modeis behave very much alike in terms of the proportion of affected relatives of lst, 2nd and 
3rd degree; and virtually all traits should fit either the single gene model or neither model. 
This method is therefore of little use in discriminating between the two modes of inheritance. A 
second approach to this problem has been to reject the multifactorial model if the heritability 
estimate derived from the correlations between relatives exceeds unity. Since calculation of the 
heritability from correlations between relatives is based on the assumption of no environmental 
causes of similarity between relatives, it may be that this assumption rather than a multifactorial 
mechanism is a t  fault. 

If either model can be shown to fit the data then that model and its parameters may be used 
to recognize other thresholds among characteristics which subdivide the affected population. 
This may be done by assuming that the subgroup is defined by a second, narrower threshold 
and testing the goodness of fit of this assumption as previously described. The search procedure 
is simplified as the characteristics of the population a t  the wider threshold are already known. 
Those symptoms or syndromes which behave as thresholds represent an increased degree of 
severity on the liability scale and are inherited in the same manner and to  the same extent as 
the disease itself. Should several thresholds be found then they may be used as rational units 
of severity. If the models cannot be distinguished, then either may be used in recognizing thres- 
holds, as no observable differences can be deduced from them. 

A frequent characteristic of the common familial diseases is their extreme variability both in 
form and severity. This is especially true of the psychological disorders and has led to confusion 
in choosing acceptable criteria of diagnosis. Generally the diagnosis of severe cases is widely 
accepted but the nature of the milder disorder is in doubt. If the criteria for the severe form of the 
disorder are used as a narrow threshold, then the milder form of the disorder may be tested as 
to whether or not i t  behaves as a threshold of the same disease. This may be done by fitting the 
two threshold model of the appropriate mode of transmission to the data. The observation that 
mild cases of a disorder represent a lower liability, on the same liability scale, as severe cases is 
strong evidence that the two types of the disorder are degrees of the same process. 

The use of multiple thresholds may have considerable advantages in the estimation of the risk 



182 T. REICH, J. W. JAMES AND C. A. MORRIS 

to relatives of affected individuals, because they allow the severity of the illness in the proband 
to be taken into account in predicting the expected liability in his relatives. Further, predictions 
can be made regarding the various forms of disease the relative might suffer and for disorders 
with great variation in severity this information may be important. I n  delineating groups of 
individuals with a high risk, especially of severe disorder, the method may make early case- 
finding more economical and genetic counselling more meaningful. 

Over the entire range of population prevalences and proportions of affected relatives the 
multifactorial model predicts that the relatives of more severely affected probands, when con- 
trasted with the relatives of milder cases, are more frequently affected by both the severe and 
the mild forms of the disease. This is true only if severity represents a threshold in the liability 
of the disorder. The same pattern of the transmission of severity is expected in most single gene 
traits. Only these traits which are due to  a single gene of major effect, and which are almost 
Mendelian in their penetrances, will not behave in this fashion. Since one or other of these models 
is thought to account for the transmission of the common familial diseases this pattern of in- 
heritance will be widespread if severity is generally under genetic control. Diabetes (Smith, 
Falconer & Duncan, 1972), schizophrenia (Gottesman, 1968) and cleft lip (Carter, 1965; M’oolf, 
1971) have been observed to follow this pattern of transmission and, in these disorders, severity, 
as well as the presence or absence of the disease is to  some degree inherited. 

The characteristics of traits in which single gene or multifactorial inheritance can be it lcn t i h l  
arc those in which the prevalence among affected relatives of probands is large in relation to the 
population prevalence at one or both thresholds. Single gene traits which behave in this mannw 
are due in large measure to the presence of a ‘major’ gene, causing the deviation between the 
means of the homozygotes to  be large in relation to the residual variation. Therefore in the 
event that both models fit the data a t  two thresholds, the absence of a major gene is liltely. 
In  this case i t  makes little difference in practice which model is used to predict risks to relutivcs. 

It is perhaps worth recalling that the single gene and multifactorial models are less genrrai 
than they could be. The single locus is restricted to  two alleles, and thc multi-locus niodcl fbs- 

cludes dominance on the liability scale. Both of these limitations could be removed, but w(’ tliiiilc 
the loss of generality is compensated by the gain in definiteness. It should be stressed that the 
discrimination we have discussed applies to the models as we have formulated them. I n  particular, 
if dominance variance in liability were allowed in the multifactorial model some of the differences 
between models would be removed. 

SUMMARY 

1 .  A single-locus two-allele model with incomplete penetrance in each genotype was compared 
with a multifactorial model of inheritance when one or two thresholds are recognized. 

2. With one threshold the parameters which uniquely define the single-locus rnodcl cannot be 
estimated from observations of the population prevalencc and prevalences among relatives of 
affected individuals. The parameters of the multifactorial model can he estimated. One threshold 
gives insufficient information to test the assumptions of either model, and the models cannot be 
distinguished unless simple Mendelian segregation is approximated. 

3. With two thresholds the parameters which define both models can be estimated and there 
is sufficient information to test the goodness of fit of each model to the data. 
4. Traits largely controlled by the presence of a single major gene, or in which dominance is 

pronounced, are expected to fit the single-locus and not the multifactorial model. 
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5 .  Unless heritability is very high, multifactorial traits are expected to  fit both models, when 
two thresholds are recognized. Additional data such as the concordance of monozygotic twins 
at two thresholds or the behaviour of the population at  a third threshold are expected to  allow 
discrimination between a wider range of both multifactorial and single gene traits. 

6. Traits which are most likely to fit one model, and to permit exclusion of the other, are 
those in which (i) the ratio of the prevalence of the trait among relatives of affected individuals 
to the population prevalence is large and (ii) the difference between the population prevalences 
a t  two thresholds is great. 

7 .  Data taken from a study of urethane-induced lung tumours in mice were analysed a t  
two thresholds. Both modes of transmission were consistent with the observations, as expected 
of a multi-factorial trait or one in which a single major locus was absent. At a third threshold 
only the multifactorial model adequately fitted the data. 

8. The clinical significance of the two threshold model was discussed in terms of taxonomy, 
transrnission of severity and genetic counselling. 

We thank Professor D. S. Falconer for his patient assistance in developing the models and his critical 
reading of a draft of this paper. 
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APPENDIX 

Standard errors of parameter estimates 

The method of the best asymptotic normal estimator (Mood & Graybill, 1961) was used to 
compute the standard error in every case. This is a technique of numerical double differentiation 
which enables the standard error (s.E.) of an estimate to be found from changes in the goodness- 
of-fit chi-square which occur as the value of the parameter estimate is varied. 

As an example, the method used to estimate the standard error of the correlation in liability 
between relatives (s.E. r )  is given. 

Ar = a small change in r, 

r = estimated correlation at point of minimum chi-square, 

x2 = minimum chi-square value, 

X2(r + Ar) = goodness of fit chi-square values when, 

X2(r - Ar) correlation is varied by Ar. 

Estimated values of K ,  and Kpn are unaltered. 

Then 

The estimated S.E. r is expected to be independent of Ar so long as Ar is small, and this may be 
checked by repeating the procedure using 2Ar. Similarly, if the true minimum of chi-square has 
been located, x ~ ( ~ , . ~ ~ )  is expected to equal x ~ + ~ ~ )  for Ar small enough. 
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