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NOTES AND COMMENTS

THE COODNESS-OF-FIT TEST FOR DETECTING NATURAL
SELECTION IN RANDOM MATING POPULATIONS

R. C. LewonTIN ann C. CLaARE COCKERHAM

Departments of Genetics and Bgparimental Slatistics,
Naorth Coralina State Coliegs, Raleigh, N. C.

The issue has recently been ralsed jn the pages
of this journal and elsewhere as to the passibility
of judging the relative fitnesses of genotypes from
the frequencies of these genotypes in populations,
Wallace {1958) has provided several numerical
examples where severe selection pressures do not
result in appreciable deviationa of the observed
zygotic frequencies from expectation under
Hacdy-Weinberg  equilibrium, Nowvitski and
Dempster {1938) attempted by means of a digi-
tal computer to ¢stimate the adaptive values af
genotypes in Drosophile melanogaster using only
the abserved genotypic frequencies. They found
that the computer produced an infnite variety
of best fit values for the ftnesses, We are in-
debted to them for first calling our atfention to
this problem and to Dr. Bruce Wallace for urging
s to publish our findings.

If the frequency of an allele B in 2 population
is pand that of itsalternate allele hizgq=1-9
then following random mating but bgfore any
natural selection has oceurred the zygotes will
be in the relative frequencies

RB Bb kb
(1. P! ipg @

Assumne now that natural selection aperates in

such a way that the three genotypes have the

fitnesses Wi, Wy, and Wy Then after selection
the genotypes will be in the relative frequencies

BB Bb bb
@) Wip? 1Wapqg Wan?
W W W

where W = Wip? + 2Wipg + Wap®.  The  fre-

quercy of B iz no longer p but p’ where

@) = e * Wang
Wipt + 2Wapg + Waa”

Suppose, now, that a sample is taken from such
2 population and that the three genotypes are
distinguishable. There will he three ohserved
frequencies, ny, nz and ng, but anly twa independ-
ent oheervations since there is the linear restric-
tion

ny 4+ ng -+ n3 = NroraL.

There are, hawever, four independent param-
cters, Wi, Wi, W, and p.  Since the geneticist
is usually not interested in the absolute values of

§61

the W's but only thelr relative magnitudes
(partly because he does not know how to meas-
ure their absalute values), it is possible to reduce
the number of independent parameters to be
eatimated to three, by making Wi (or Wy or W3)
equal to unity. However, there is still one more
parameter to be estimated than there are avail-
ahle observations, clearly an impossibility.

If estimation of W) and W, is impossible, is.it
nevertheless possible to test some hypothesis
about these twa selection coefficients, or at least
to make some judgment about their relative
sizea from the observations? Specifically, the
geneticist would like to test the hypothesis that
W, = Wy = 1, that is, that no natural selection
is operating. Moreover, if such a hypothesis is
rejected, he would, at least, lilee ta know whether
W, and W, are greater or less than unity so that
some judgment ahout the order of htness of the
three genotypes can be made.

The standard procedure presently in use by
geneticists is to estimate p by the usual methad

& 2ny + na
3 N

and then to test the observed frequencies against
the binomial proportions given by (1) with  and
8 in place of pand q. I the ! with one degree
of freedam is sighificant it is 2ssumed that natural
selection js aperating (nan-random mating hav-
ing been ruled out by ancillary information).
Moreover, the directions of the deviations from
expectation are used as a basis for judging the
type of selection operating. If, for exampgle,
+here is an excess of the Bb class with & concomi-
rant deficiency of BB and bb classes, it is assuraed
that heterozygotes hawve s greater fitness than
homozygotes, A non-significant x* is taken as
evidence that W, = Wy = 1, that is, that na
natural selection is taking place.

What this procedure really amounts to is as
follows. First, p is an estimate of p’ given by
{3) and not of p before selection since na inde-
pendent estimate of that quantity exists. Sec-
otid, the expectations calculated are of the farm

BB Bb bh
{4) p" p'qa" 4?

Finally, the y? calculated is a test of whether
the sampled distribution (4} is the same as dis-
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tributian (2). Theee distributions are the same
if simultanecusly

Wp? Wang
5 2 = — 3 q' = B
{3 p W pq w
afnd
Wag?
9
=

The solution ta these three equations is simply
(ﬁ} W‘zg = W1W3.

Thus, what is really tested is that the product
of the adaptive values of the homozygotes is
equal to the square of the heterozygote ftness.
This is 2 much less restrictive condition than the
requirement that W, = Wy = W, Adaptive
values like

BB Bb th
2 1 .50

give a theoretically perfect fit sa that the 2 test
will be signihcant only « of the time where o is
the probability level chosen for the test. Of
course If x? is significant, there is evidence for
natueal selection, a point that should not ke lost
aight of,

The secand guestiot of importance is whether
the direction of deviations in the goodness-of-At
test gives some hint as to the sort aof selection
operating, Specifically, does an excess of the
heterozygous class mezn that the heterozygote
has a superior fitness?

The deviation of the heterozygotes from ex-
pected is at eatimate af
o ZpaWs

W
which may be greater than, equal to, or less than
zero.  These three conditions correspond re.
spectively to an excess of heterozygotes, no
deviation, and a deficiency of heterozygotes,
Substitution of (3) inta {7} vyields the relation-
shipa:

WiWe < Wi excess af heterozygotes
WiW, = Wl expected heterazygotes

WiWs > Wet: deficlency of heterozypotes

— 2p'q’

Thus, an excess of heterozygotes will appear
whensuer the geontelric mean of the fitnesses of the
homozygoles 18 less than the filness af the helarg-
zygate. This abvicusly ingludes the case of
haterosis but is sof restricted toit.  For example,
a recessive lethal will cause a considerable axcess
of heterozygates since W,'W, will be zera. Some
numerical examples of this fact have been pre-
sented by Wallace {1958).

An extremely important qualification of these
vesults is that they apply only to a population in
which gene frequency is changing. If the gene
frequencias are al equilibrium in the populotion,
o’ = p, and the deviniions from fhe Hardy-Wein-
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berg equilibrium ave perfecily adequala for estimal-
ing W, and W, independenily.

Qur previous discussion may give the impres-
slan that any atterupt to determine the sart of
selectian operating in nature by comparing ob-
served with thesrefical frequencies is hopeless.
This is not entirely ture. A cousideration of the
power of the x? test show that it is relatively in-
sensitive to some sorts of selection while being
much mare sensitive to others. Specifically, the
test is much mare powerful in detecting heterotic
situatians than cases of partizl or complete
dominance.

The power of a test is the probability that the
null hypothesis will be rejected (that the test
will be significant), when the true parameters af
the population differ from the hypothesized
parameters by a given amount. Clearly if the
true parameters differ from the hypothesized
ones by a very large amount, the test will have
great power, while far small deviations the power
will be small. In addition, for any given devia-
tion, the power of the test will increase with in-
creasing sample size. For a x? test, the power is
determined from the distribution of “non-central
x*' uging a “non-centrality’’ parameter, .. The
larger X is, the preater the power aof the test.
For the case in hand the parameter of non-
centrality turns out ta be:

_ [ pPq(W,W, — 1)
A= [a:pwI THaW: + 1) ] N

where Wq has been fixed at unity., As expected,
A will increase not only with increasing sample
size, N, but alsa as the praduct W,W; deviates
tnore and more from ursty. Noate that when
W\W, equals unity, X is zero and the pawer of
the test is zero.

Ta illustrate the relationship between the
kinds of selection and the powear of the ¥ test
to detect them, table 1 has been caleulated, [t
is assumed in this table that p = q = § and a-1
though the numerical values change far ather
values of p, the qualitative results are the same.
What the table shows s the size of sample nec-
essary to be 30% ar 509 sure of detecting differ-
ent combinations of adaptive values of the two
homozygotes (Wi = 1),

[t is assumed that the 5% level will be used as
a significance critetian in the % test. Across the
top of the table are possible values of Wy, the
fitness of BB, and alang the left hand side are
the values of Wy, the fitness of bb, In the hody
of the table there are two numbers corresponding
ta each combination of W, and W,. The roman
{lower} numbers are the minimurn sample sizes
necessary to be 909% sure of detecting selection
when the true values of Wy and W, are those
given &t the borders of the table. The {talic
(upper) numbers give the minimum sample size
for 50% power and obviously will in every case be
smaller than their corresponding 909, values.
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TasLe 1, Sample sizes necassary lo be 50, sure {italic nusmbers) and 90% sure (roman
numbers) of detacling seleciion when the triee filnesses ave thosa giwen af tha
borders of the table

W, == Atness of bb

W, = fitness of BE

00 01 02 0.3 0.4 0.5 0.6 0.7 0.8 0.8 140
4
00 7,
PR
&L 13 16
s 7 8
02 j5 190 23

03 ‘g 23 19 36

04 5y 27 35 45 57

s 8 12 15 02 33

S 94 3 42 58 73 05

g 10 13 18 25 33 5 41

S 57 37 50 6 91 124 168

oy 1152 3 4 50 &8s 123

T 3w a2 o5 8 116 162 231 337

g 12 18 2 36 53 78 11§ 196 31

8 31 48 6 100 14§ 21z 323 508 851

o 14 20 W0 4 Y3 148 293 §13 1387

9 3 56 81 120 182 287 459 801 1567 3704

o 45 23 35 53 a4 133 246 403 1244 5548 [ —1
0 5 &3 o5 145 229 378 673 1340 3405 15,.75]| ~

(3 1§ 29 48 77 134 262 867 2094 37,646 | 10,486 1839
50 80 126 210 368 716 1660 5742 102,999 § 28,691 5084

22 36 61 i1 224 333 2212 159,847 | 4974 1181 333
61 99 168 304 414 1513 8053 437,343 | 13,620 3233 131

24 45 &1 162 103 1440 41544 | 5218 7 484 2843
71 122 222 443 1074 3996 113,665 § 14,254 1934 1325 790

36 34 166 240 733 776 12,045 1288 504 283 188

1.4

1.6

L8 % 149 200 658 2060 18,538 | 32,956 3523 1378 7I3 SIS
jo 35 65 18 365 1604 ——\ 2212 625 31 195 138
O 95 170 378 009 4634 — lsosa 1709 851 s34 478

6 78 181 575 5353 3850 043 443 221 48 109
22 g8 214 494 1573 14,647 | 24213 2890 1212 604 404 299
44 03 236 057 s4910 |2997 587 277 170 119 41
24 97 255 647 2619 150,234 | 6833 1606 759 485 326 248

so 110 311 1738 (60,980 1245 408 214 138 00 74
2.6 (14 301 851 4756 | 166,841 3405 1112 585 178 274 213
s 129 412 3662 |7548 780 307 174 117 87 48
2.8 sy 384 1120 10,018 | 20,655 2134 840 476 320 237 187
51 152 53 103863011 553 246 147 101 77 41

3.0 (ga 416 1513 2846|8238 1513 673 401 277 110 168
Lo 90 323 345713057 © 23 216 125 85 64 51 43
0 563 884 0458 | 11,100 2431 391 343 134 176 140 117

465 [— 1669 196 1ol 65 48 37 i 26 23

100 (a9 —~ F1831 537 276 179 130 102 84 71 63
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The table is divided into three sections by heavy
lines, The dizgonal stepped line ruaning from
the lower left hand corner to the right middle
margin separates combipations of W, and W,
which give axeesses of heterozygates (above the
line) from those combinations giving deficiencies
of heterozygotes (below the line), The upper
area is then subdivided by a horizontal line into
an upper region where heterosls obtains, and a
lower one in which there is no heterasis, It is
this second region which is sa traublesome from
the standpoint of interpretation of the ohserva-
tians. The warst situation accurs in the three
cells containing dashes because here, despite in-
tense selection, there is ng observable deviation
from expected praportions so that no sample size
of whatever magnitude can detect the operation
of selection. These are the cases where W) is
the recipracal of Wi The important point
about the table is the way in which the sample
sizes change with fitness, The upper left hand
corner of the table, representing a halanged
lethal situation, requires the smallest sample
size for detection. Progressing downward and to
the right ir the tahle the necessary sample sizes
increase until the diagonal is reached, whereupon
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N begins to decrease. In the case of hetero-
zygote excess it is easier to detect cases of hetera-
sis (above the horizantal line) than thoseof partial
dominance. The »? test is mare sensitive to
heterotic selection than ta other types and is
completely incapable of detecting some extreme
cases of partial or complete dominanee.

It shauld not ke supposed that if the x® test is
significant with 2 sample size of 10, say, that
heterosis is demonstrated simply because N = 10
happens to fall zbove the horizontal line In the
tablae. Any type of selection may give a sig-
nificant ¥* with gny sample size. As a matter
of fact even when no selection is operating »? will
be significant 5% of the time if this is the sig-
nificance level chosen. All that the table shaws
is that for a given sample size heterstic situations
will be more often detected than nan-heterotic
anes,
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Let the three positive numbers W, W, W,
denote the relative selective valie (or fitness) of
the three genatypes BB, Bb, bb, respectively.
In a random mating population the frequencies
of the three genotypes are in simple binomial
praportions {p?, Ipq, q%) at birth ar, mare gener-
ally, befare selection takes place. In the preced-
ing paper Lewontin and Cockecham (195%) have
shown that if W2 = W,W,, the genotypic fre-
quencies gfier the operatinn of selection in the
population will again be in simple binomial
prapottions {p'%, 2p'q’, q") where p’ and q’ are
the new gene frequencies after selection. This
facr yields the {mportant conclusion that under
such a selective scheme, the observed adult geno-
type and gene frequencies—presumably those
after the operatian of selection—will tell us noth-
ing about the value of the W's, The relation
Wt = W\ W; simply means that the three num-
bers Wy, Wi, Wi constitute a geometric serles.
To the author’s knowledge, Dempster (1955) is
the first who considers such a set of fitness values,

taking the W’s to be 1, {i-s}, (1-s)? in studying the
problem of balance between mutation and selec-
tion. The purposes of this note are to supply 2
mode] for the genesis of the geometric selective
scheme; to point out snme simple properties of
such a type of selection; and to extend the results
to rnore general cases,

1. First of all, let us review briefly the main
result of Lewontin and Cockerham. For their
purposes, they find it convenient to make W, = 1.
For our present purpose, however, it is more con-
venient to take W, = 1, W; = r, W; = r?, where
r may be greater or smaller than unity. When
r = 1, there is no selection operating, The pro-
cedure of analysis and the selection result may
be summarized in a tabular form (see table 1),
The columns of tahle | are numbered to corre-
spond with the serial number of the expressions
in the preceding paper. The only discrepancy
is that the comman denominator W of their ex-
pression {2} has been put at the battom of aur
column {2). The imposed cendition (3} is to
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