Proportion of the Variation in
Genetic Composition in
Backcrossing Programs
Explained by Genetic
Markers
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For a randomly mating backcrossing pop-
uiation, the proporticn of the variance of
genetic composition explained by genetic
markers was derived for any generation, It
was shown that nearly all the variance can
be explained by placing three or more
markers per chromosome. It was found
that a single marker in the middle of a
chromosome explaing more varfance than
two markers at the ends.

Recently, Hill (1993), using results from
Franklin (1977), derived the variation in
genetic composition in backcrossing pop-
ulations, that is, the variance in the pro-
portion of the genome that is from the re-
current (or nonrecurrent) population.
Breed societies may be interested in
knowing how much variation there is in
the true proportion of the desired breed
in so-called upgrading programs. For ex-
ampie, among animals in a second back-
cross population (with a mean proportion
of desired breed of 87.5%), some genomes
may conttain 85% and some 90% of the re-
current breed. In this study we extend
Hill's results and show what proportion of
that variance can be explained by genetic
markers. Using markers gives a direct es-
timate of the mean proportion of the ge-
nome that is from the recurrent breed, and
the variance explained by the markers
gives an estimate of the accuracy of esti-
mation.

We follow Hill’s notation as closely as
possible, Let ¢ denote the generation of
backerossing, with ¢ = 1 being the first
backcross generation. Ny, denotes the
proportion of alleles at locus [ which is
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from the nonrecurrent breed in generation
r. Hence, N, = 0 if neither allele originates
from the non-recurrent breed, and equals
1/2 if one allele originates from the non-
recurrent breed. Let &, be the average of
the N, summed over all loci. For a single
locus,

E(Ng) = 0™
var(N) = (H02)0 — (4))

Hence, for ¢ = 1, the mean and variance of
the proportion of alleles at a single locus
that are from the nonrecurrent breed are
0.25 and 0.0625. For any two loci,

Covi M(ﬂ’ M(-‘)) = (%)(lé)r[ (l Ty '
- ]/21],

where r; is the recombination fraction be-
tween loci i and j (see also Hill 1993).

For the whole genome, E(N) = (5),
and var(¥,) was derived by Hill (1993). As-
suming Haldane’s (1919) mapping function
without interference, and an infinite num-
ber of loci per chromosome, Hill (1993)
showed that the varlance in the propor-
tion of the genome from the nonrecurrent
population is

var(N) = %)[ VLD

X }; @(1/:?)

M

where L is the total map length in Mor-
gans, 2{, = L, and v is the number of chro-
mosomes. Without loss of generality, we
consider only a single chromosome in
subsequent derivations. For the first back-
cross generation, and for a single chro-
mosome, Equation 1 reduces to

var(Ny) = (0 — ra/l)/ L, (2)

where r, is the recombination rate be-

X (2:1 v+ e—zn,-)

=1

tween the chromosome ends. Now con-
sider that some of the loci are marker loci,
and assume that all marker loci are fully
informative. Let X, (i = 1, ..., m) be an
observed value of N, and let X, be an es-
timate of N, the proportion of the genome
from the nonrecurrent breed, based solely
on markers. The problem now is how to
combine the estimates provided by each
marker (since each marker X, is either 0
or %) info an overall estimate which has
the largest correlation with N. This prob-
lem is analogous to predicting a breeding
value of an individual when different
sources of phenotypic information are
available, and is solved using selection in-
dex theory (Hazel 1943). Let X be an m X
1 vector of observed X, for an individual,
V the m X m covariance matrix of X, and
y the m X 1 vector with covariances be-
tween X, and N, The m X 1 vector b con-
tains the weights for each marker. Hence,
X, = b'X, and the optimum index weights
are b = V-1y,

The proportion of the variance of o,
which is explained by the markers is

R = (b'Vb)/var(N) = y'V-ly/var(V)
To find the values of b for a particular
marker spacing, we need to know the ele-
ments of V and y. Elements of V are
straightforward:

Vi=(00a A -r) -1 3

The covariance between marker { which
is at distance d, from the start of the chro-
mosome (and distance L — d, from the end
of the chromosome), and N, was derived
using Hill's results, assuming Haldane’s
mapping function without interference,
that is, g = r, + ry — 2r,r, (Haldane
1919), thus

cov(X,, N)
=Y
N f(m; (})(l/czf))

X [2— e~ — o-20- B, (4)




We illustrate the preceding equations
with a simple example for a single marker
positioned in the middle of the chromo-
some at backcross generation 1. Then,

var(X,q,) = 1/16,
cov(Xyqy, N = /1600 — (A - 2r )9,

and var(N)) was shown in Equation (2).
Hence,

b, =[1-(1 —2r)¥)/L and
R=[l—-(Q —2r, P~ 1D

For a chromosome of length L = 1.0
{and r,, = 0432), b, = 0.632 and R? =
(.704. Using Equations 1, 3, and 4, the cor-
relation between the estimate of the pro-
portion of the genome that is from the
nonrecurrent breed (X)) and the true pro-
portion of variation in the genome (V) can
be calculated for any number of markers,
for any marker spacing, and for any back-
cross generation.

When markers are equally spaced along
the chromosome, and assuming two mark-
ers at the chromosome ends, the relative
weights for the end markers are 1/2, and
all other markers have a weight of 1 (see
Appendix). Optimurn marker locations can
be found using a search algorithm. Assum-
ing that the optimum marker spacing is
symmetric relative to the center of the
chromosome (5o that the ith and {m — {
+ ymarker are at equal distance from the
chromosome ends), the search algorithm
has to consider placing only m/2 (even
number of markers) or m/2 — 1 (odd num-
ber of markers) markers at optimum po-
sitions.

Results

We present resulis for only a single chro-
mosome of length 100 cM. In Table I, the
proportion explained by 1 to 11 evenly
spaced markers is shown for backcross
generations 1 to 3. For any generation, no
selection was assumed in previous gener-
ations. More than five fully informative
evenly spaced markers per chromosome,
corresponding to a marker distance of 25
¢M, seems sufficient because the amount
of variance explained is greater than 92%
for the first three backcross generations.
A single marker in the middle of the chro-
mosome explains more of the genetic
composition than two markers at the
ends, 70% versus 58%, respectively, for
generation 1 (Table 1).

The optimum position of m markers
along a chromosome was predicted by
maximizing R? for the locations 4, for all

Table 1. The proportion of the variance in
genetic composition (RY explained by m markers
in a random mating backcross population for
equal spacing (with markers at the chromosome
ends) and optimum spacing of markers

Optimam spacing

Equal

. Position of
spacing first mark-

BC REx 100 R2X100 er (cM)
1 1 704 0.4 50.0
2 63.4 634 50.0
3 56.5 56.5 50.0
2 1 58.0 88.5 21.5
2 49.6 84.2 28.0
3 41.2 79.3 28.6
3 1 86.7 94.2 18.3
2 816 91.7 18.8
3 .7 886 19.2
4 1 93.9 96.6 13.6
2 91.0 95.0 13.9
3 87.6 93.0 4.2
5 1 96.5 97.8 10.8
2 94.8 96.7 11.0
3 926 95.3 112
3] 1 99.4 99.5 4.7
2 99.1 99.3 4.8
3 98.7 99,0 4.9

markers. This was done numerically by
calculating R? for different values of d, (i
= 1, m/2), the positions of the first m/2
markers. The marker positions were var-
ied at 0.1 cM intervals. For a chromosome
of Iength 100 cM the optimum marker po-
sitions are presented in Table 1. Given the
end markers, the optimum position of the
remaining markers is found by placing
them equidistantly (results not shown).
Therefore, only the position of the first
marker is presented in Table 1. The cal-
culations for the case of 11 markers was
done assuming this property, because
then the search is only over the first (and
last) marker. In general, the optimum
spacing of markers improves the R? sub-
stantially relative to the case of markers
at the ends of the chromosome. This is
mainly because the markers that were
placed at the chromosome ends in the
equal spacing scenarioc do not provide
that much information (see also the Ap-
pendix). Three to four welil-placed markers
explain most of the variation in genetic
composition in the first three backcross
generations.

Discussion

The effect of the number of evenly spaced
markers on the variance in genetic com-
position they explain was shown in Table
1. Perhaps surprisingly, a single marker in
the middle of the chromosome is more in-
formative than two markers at the chro-
mosome ends.

The ideal position of the markers (Table

1) seems approximately the same for any
BC generation. Two well-spaced markers
provide more information than three
equally spaced markers, and in general, m
— 1 optimally spaced markers seem betier
than m equally spaced ones. Hospital et al.
(1992) found the ideal pesition for two
markers using simulation, and reported
that the best position was 20 ¢M from the
end for a chromosome of 100 cM, which is
slightly closer from the chromosome ends
than our more exact values of 27.5 cM.
Our conclusion, that few markers (two to
four) provide adequate coverage in a
backerossing program is in agreement
with the conclusion of Hospital et al
(1992), who used two well-placed markers
in a backcross introgression program to
select against the donor genome.

Some major assumptions in this work
were that recombination takes place with-
out interference, and that recombination
rates do not vary along the chromosome.
In practice, these assumptions will be vi-
olated. However, these assumptions are
unlikely to change the main conclusions of
this work, that is, that individual markers
can “mark” relatively large chromosome
segments. The conclusions of the present
study are not affected by a different re-
combination rate between the sexes be-
cause the contribution of the recurrent
breed was always fixed (0% of the nonre-
current breed at each generation). Hence,
the conclusions are valid for practical
backcross programs in which individuals
of the recurrent breed who are mated to
individuals from the crossbred population
are usually of the same sex.

The results were presented assuming
that we are interested in the genetic com-
position of the whole chromosome (or ge-
nome). In practice, the interest may be in
particular regions of the genome that are
likely to contain genes of interest. How-
ever, placing many more markers in gene-
dense areas would not dramatically in-
crease the proportion of genetic compo-
sition explained for that region, and a
complete coverage of the genome does
not require many markers. Furthermore,
there may still he genes of large effect in
regions that are generally thought to con-
tain few genes. l

In practice, not all the markers will be
fully informative, and if the aim of marker
genotyping is to pick up all the variation
in backcross generations (for example, in
a cross between outhred lines), more than
three or four markers per 100 ¢cM may be
used to end up with a fully informative
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marker map which covers the chromo-
some adequately.

The results from this study confirm
those from simulation studies (Hospital et
al. 1992), which showed that markers can
be used efficiently in backecross introgres-
sion breeding programs where the aim is
to introgress a small part of the donor
breed and simultaneously recover the re-
cipient genome as quickly as possible. Us-
ing 2 to 11 markers per chromosome to
select against the donor genome sped up
the genome recovery by approximately
two generations relative to random selec-
tion of individuals with the introgressed
gene (Hospital et al. 1992).

The results shown here have implica-
tions for quantitative trait loci (QTL) map-
ping studies. In such experiments two
breeds are usually crossed that are very
different for a quantitative trait of interest,
and marker and phenotypic data from a
backcross or F, population are analyzed to
find evidence for QTL. However, the stan-
dard null hypothesis usually is that there
are no QTL segregating in a particular re-
gion, whereas we know that there must be
genes somewhere in the genome which
can explain the (large) breed difference.
Alternatively, we may wish to test a genet-
ic model of many linked loci which are
fixed for alternative alleles in two breeds.
Such a model would predict the relative
weights of regression coefficients for indi-
vidual markers if we would perform a mul-
tiple regression of phenotypes on all mark-
ers on a chromosome, The relative
weights (regression coefficients) follow
from the results presented in this study.
These weights can be tested against the
observed regression coefficients, and such
a test was found to work well in simulation
studies in that it could discriminate be-
tween genetic models based on a single
QTL and models based on many linked
QTLs (Visscher and Haley, in press).

Appendix

Relative Index Weights for Equally
Spaced Markers

For the first backcross generation, ignor-
ing subscripts for t = 1, let X = b'’X be an
index of individual marker scores, with b
an m X 1 vector of weights for marker
scores X; (X, =0or 1/2),and Xanm X 1
vector with observed values X. Markers
are assumed {o be evenly spaced along a
chromosome with length L (Morgans).
The index weights b are calculated so as
to maximize the correlation between X
and V. Index weights are calculated as b
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= (var(X)) 'y = V'y, with y a vector of
covariances with y; = cov(X,N).

To show that the weights of b, and &,
are 1/2 relative to the weights for the oth-
er markers, we first show that V-7 is tri-
diagonal for the first backcross genera-
tion, Because we assume evenly spaced
marker loci, all elements of V are functions
of r, the recombination rate between ad-
jacent marker loci. The matrix V has a spe-
cial form in that for a particular value of |
— j| all elements are identical. For exam-
ple,forfi — | =0, V, = /16, for Ji — j| =
LV, = (/812 -, and for [ — j{ = 2,
V, = (1/8)(1/2 — 2r(1 — ). In general, V,
= (1/16)[(e~2)], with d = L f{m — 1).
The matrix V is an example of an autore-
gressive matrix, which means that element
V, is proportional to the product of ele-
ments V, (B = 1, j — 1). This is true also
if markers are not spaced evenly along the
chromosome.

Because of the special form of V {(an au-
toregressive matrix), its inverse is always
a tridiagonal matrix with elements

M = Ymm
= 16/(1 — e~
Vi = 16(1 + e/l — e~

(for i > 1 and i < m),

Vi = —16e~/(1 — =)
(for )i — j| = 1), and
W=0 (orli—j>1D.

The covariance between X, and Z'is
¥ = AL — e2o)
+ %(1 — e 2m=R)/(16L)

Multiplying V! with y gives, to a constant
of proportionality,

by = b, « ¥l — 2eH + ), and

b, & (1 — 2e-2 4 g™41), and

bi/by = b,/b, = 2.

For t > 1, the inverse of V is not tridi-
agonal, but off-diagonals for [i — j] > 1 are
relatively small, and the relative weights
for b, and b, are very close te 1/2. This
was found empirically by calculating the
regression coefficients for various combi-
nations of { and m.
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