Fixed and Random Contemporary Groups

ABSTRACT

For genetic evaluation of dairy cattle,
contemporary group sizes are often
small, and information is lost when con-
temporary groups are treated as fixed.
Treating contemporary groups as random
recovers some information across con-
temporary groups but may cause bias in
prediction of breeding values if a non-
random association exists between sires
and contemporary groups. Results from a
recent study indicated that treating con-
temporary groups as random gave con-
sistently higher correlations between true
and predicted breeding values, in particu-
lar when a positive association existed
between contemporary group and sire ef-
fects. The present study shows that those
results cannot be generalized based on
correlations between true and predicted
breeding values and on biases in breed-
ing values for random and nonrandom
association between sires and contem-
porary groups. For nonrandom associa-
tion, the 50% best sires were assumed to
be associated with half of the contem-
porary groups. If the best sires were used
in the best contemporary groups, accura-
cies were higher when contemporary
groups were treated as random effects
{called the random model} than when
contemporary groups were treated as
fixed effects (fixed model} because of a
reduced bias and a larger number of
effective progeny. However, if the best
sires were only represented in the worst
contemporary groups, the correlation be-
tween true and predicted breeding values
for the random model could become
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negative. If a nonrandom association ex-
ists between sires and contemporary
groups, the groups should be treated as
fixed effects for practical genetic evalua-
tions.

(Key words: genetic evaluation, fixed
and random models, contemporary
groups, bias in predicted breeding
values)

Abbreviation key: CG = contemporary group,
MSE = mean squared error, PEV = prediction
eITor variance.

INTRODUCTION

For genetic evaluation of dairy cattle using
BLUP to predict breeding values, the main
environmental effect in the linear model is
often a contemporary group (CG) effect. In
dairy cattle animal model evaluation, for ex-
ample, herd-year-seasons or management
groups [e.g., (9)] are usually fitted as the main
environmental effect and usually treated as
fixed effects. Although this treatment leads to
a loss of information, in theory, predictions of
the random genetic effects are unbiased (3),
even if animals (sires) are nonrandomly used
across CG. An example of the loss of informa-
tion is that a CG in which all animals are half
sibs does not contribute any information when
a sire model is used. This loss of information
can be reduced when CG is treated as a ran-
dom effect. However, if sires are not randomly
distributed over CG effects, predicted breeding
values may be biased if CG is freated as a
random effect (3).

For cattle breeding, CG sizes are often
small. In that case, the decision to treat CG as
fixed or random depends on the tradeoff be-
tween accuracy and bias. A measure to gquan-
tify accuracy of prediction and bias is the
mean squared error (MSE): MSE = PEV +
bias?, where PEV is the prediction error vari-
ance. In practice, all three quantities depend on
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unknown population parameters and design of
data, so a general strategy to minimize MSE is
not possible. Henderson (3, page 22) com-
mented: “But in situations with small herd size
I would be inclined to accept some bias in
order to reduce variance.” In a recent paper
(7), accuracy and bias of prediction of sires’
breeding values were investigated for various
population parameters and for treatment of CG
as either fixed or random using simulation.
However, results from those studies (7) are not
easy to interpret. For example, Ugarte et al. (7)
found that, if a nonrandom (positive) associa-
tion exists between sires and CG, a model
treating CG as random was always superior for
correlation between true and predicted breed-
ing values to a model treating CG as fixed.
Therefore, the introduction of bias resulted in a
larger genetic gain, and, although not the con-
clusion of Ugarte et al. (7), it suggests that CG
should be treated as random effects if evidence
exists for a positive association between sires
and CG. Furthermore, results were confounded
by the assumption of fixed effects of pheno-
typic and sire variances, so a larger CG vari-
ance implied smaller residual variance and,
hence, larger (within-CG) heritability. Perhaps
the sire and residual variances are more logi-
cally assumed to be constant, so that within-
CG heritabilities are independent of CG vari-
ances.

The objectives of this paper were 1) to
show that, if a random association exists be-
tween sires and CG and if the design is
reasonably balanced, simple expressions can
be derived to predict accuracies of selection for
models that treat CG either as fixed or random;
2) to give examples of accuracies and biases of
prediction if sires are only used in certain CG.

MATERIALS AND METHODS

The notation of Ugarte et al. (7) is followed
as closely as possible. Consider the model yjx
= B; + u; + ejjk, where yjj is the record on
progeny k of sire j in CG i. Each of s sires has
n progeny, and each of f CG has group size N.
E(y) = 0, and variances and their ratios are

var(B) = o, var(u) = %, var(e) = o7, \ = oZ/cf,

and o = oilog. I CG are fixed, Uﬁ =ceand A =

0. Normality of random variables is assumed
throughout.
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The model of genetic evaluation is y = X8
+ Zu + ¢, where y, 8, u, and e are vectors of
observations, CG effects, sire effects, and er-
rors, respectively, and X and Z are design
matrices. Solutions for sire effects may be
written as

4 = (Z'MZ + ch)‘I Z’My = C‘IZ’My
with
M= I-XXX+I0IX =1-XX/N+ N,

because X'X is diagonal with element N on
each diagonal. If CG are considered to be fixed
in the genetic evaluation, called the fixed
model, A = 0, and for models that consider CG
to be random, the random model, the variance
ratio A is added to the diagonals of the part of
the mixed model equations (3) pertaining to
CG effects. Diagonal elements of matrix
Z'MZ are called effective number of progeny
(daughters) and reflect the information availa-
ble to predict the sire’s breeding value after
correction for other effects (in this case, CG
effects). If C can be written in the form al +
bJ, where J is a matrix of ones and a and b are
scalars, then its inverse is known [e.g., (6)]:

Cl = 1/a [l - Jb/(a + kb)] [1]

where k is the dimension of matrices I and J
(and C). Diagonal elements of C1, d, are a
functior of the PEV if the model fitted is the

correct model: PEV; = diiaz, where PEV; is the

PEV, and dil is the diagonal element of C~! for
sire i, For fixed models and for random models
if sires are randomly distributed over CG, PEV

=(1- rz)og, where 1 is the correlation between

true and predicted breeding values or the ac-
curacy of selection. Hence, d = (1 — r2)/a.

Random Assoclation Between Sires and CG

In a completely balanced design, each sire
has n/f = N/s progeny in each of the f CG.
Then,

C=1In+ o) - Jo/s)N/AN + A}D. [2]

Dimensions of C, I, and J are s. The number
of effective daughters, n,, is
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n, = n{l - (I/S)N/N + M}, [3]
which 'reduces to n{l = 1/s) when CG are

considered to be fixed. The inverse of the
coefficient matrix (C) is, using Equation [1],

Cc-1

J(bprs) ]

-1
(n + o |:I + ———-—m—n{l ~bp] + &)

~ J(L/s)(bpby)
“*“1D+n-mﬂ

(4]

where by, = N/(N + M), and by = nf(n + «).
Therefore, for a balanced design, an exact
prediction of the accuracy of selection and the
PEV can be given using Equation [4].

If the number of sires is larger than the CG
size, i.e., N < s or n < f, the design is, by
definition, unbalanced. However, an incom-
plete block design can be used that is partially
balanced by letting N/m sires be represented in
each CG with m offspring each and by letting
each pair of sires occur n(N — m)/[m?(s - 1)]
times in the same CG. (A design in which the
progeny of each sire are randomly distributed
over CG approximates this incomplete block
design with m = 1 when N < s and approxi-
mates the fully balanced design when N > s.)
Using the incomplete block design, C can still
be written in the form (al + bJ). Assuming that
m = 1, diagonals of Z’XX'Z are n, off-
diagonals are n(N — 1)/(s — 1),

1 (N -1) }
Tm+Ar E-DN+N

ZMZ =In [1

s[5
STl -DIN+N (5]
and n, = nfl - /AN + NI
Using Equation {5], C! can be obtained as
before.

The simplest prediction of the accuracy of
selection and PEV is to use the number of
effective daughters and to predict accuracy as

r = [nf(ng + a)]” [6]

and PEV = (1 — r2)o?, using r from Equation

[6]. This prediction is similar to ignoring off-
diagonals of Z’MZ.
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Nonrandom Association Between Sires
and CG

If sires are nonrandomly associated with
CG, the design is, by definition, unbalanced,
and simple predictions of bias and accuracy of
selection are not straightforward. The largest
effect of unequal sire usage over CG is when
some CG only contain progeny from a group
of sires, and those sires have no progeny in
other CG so that groups of sires and CG are
completely confounded. Although this scenario
is unrealistic, it clearly demonstrates the effect
of treatment of CG as random. Consider a
population subdivided into equally sized sub-
sets of sires and CG. Then, if within the subset
or group of CG the design is assumed to be
balanced, previous results (Equations [1] to
[5]) can be used because C will be block
diagonal, and, again, its inverse is known.

Let the whole population be subdivided into
p groups, so that each group contains s* = s/p
sires and f* = f/p CG. Within each group, the
number of effective progeny is, as before, ne =
n(l — N/(s*{N + A})) if N > s* and for the
incomplete block design n, = n(1 — 1N + N))
if N < s*. However, because the model used
for analyses is no longer correct, the accuracy
of selection cannot be obtained from CL. In-
stead, explicit solutions for G are needed so
that expectations of v(0) and cov{u,fi) can be
obtained. For a completely balanced design
within groups, BLUP solutions for sire effects
in group w (we [1,2,...p]) can be written as

(1 - by}
by[Yuw — b a- b_hbu)‘ w)

bu [?uw - JW] [7]

Qi

where by = [bp(1 — by)l/[1 — byby]; Fuw and Ty
are the progeny mean for a particular sire in
group w and the group mean, respectively. The
group mean is equal to the mean of the
progeny means and is equal to the mean of the
CG within subset w. Using

E(Tuw) = E(uy) + E(Bw)
and
E(¥w) = E(uy) + E(By),

it follows that

E(dw) = by[E@y) + EGWI1 - by, [8]
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where E(u,,) means expectation for a particular
group, ie., a fixed value of w, and E(ly),
E{By) are similarly defined. For fixed models,
Equation [8] is zero, because by, = 1 (and,
therefore, b, = 1). Hence, for fixed models the
bias in predicted breeding values, bias = E(uy,)
- E({,,) = E(u,,). This bias is not equal to zero
if E(uy,) # © because the information on which
sires are selected (for example, true breeding
values) is not included in the analysis (4). Bias
= 0if :

bylE(uy) + E(Bu)I(1 - bp) = Eluw),

but this result is a coincidence that occurs
because the parameters e, A, n, and N “match”
the sire and CG means.

For the incomplete block design, solutions
for sires are

iy = nd{Vow - bhyﬁw)
+ nos(l — bp)¥y
9]

with scalars d and o obtained from C1 = dI -
oJ (see Equations [1] and [5]}, and ¥gy is the
mean of the CG in which a particular sire is
represented by its progeny. For the complete
balanced case, Equation [9] reduces to Equa-
tion [7]. From Equation [9] it follows that

E(li,,) = n(l — bp}d + os)
(E(uy) + E(B4))-
(10]

Using these resuits, the bias and accuracy of
sire selection can be predicted for a particular
design and population parameters. For each
group, the expectation of u and 8 depend on
the selection intensity applied on CG and sires,
because both sires and CG may be a selected
group. This prediction ignores the question
how such a selection scheme may operate in
practice (see Discussion). Within each group,
the accuracy can be predicted if reduction in
variance is taken into account using standard
truncation selection theory. Calculation of the
correlation between true and predicted breed-
ing values within and across groups is shown
in Appendix 1 for the case of two groups.

In the case of a subdivided population, the
distribution of predicted breeding values can
be regarded as a mixture of distributions about
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p different means. The correlation between
true and predicted breeding values across the
subgroups, assuming the existence of a single
overall population, depends on var(dy) and
cov{uy,{,,) within all groups and on the vari-
ance of group means across all groups (Appen-
dix 1).

The simplest example is when the best 50%
of sires are used in the best 50% of CG.
Hence, two groups of CG exist, and s/2 sires
have all n progeny in f/2 CG. Selection inten-
sities (i) for both CG and sires are .8, and the
reduction in variance (1 — k) for each of the
two groups is .64 so that E(u,,) and E(Gy,) are
iog and ioy, in the group containing the top sires
and CG and are —iog and -ioy in the other
group. When a fixed model is used for genetic
evaluation, the expectation of predicted breed-
ing values in each group is zero, so the bias
within each group is *io;. A consequence of
using a random model is that the estimate of
the difference in mean predicted breeding
values between the top and bottom group is
changed. For this example, the variance of
predicted breeding values across the concep-
tual total population is simply the sum of the
variance within groups and the square of the
expectation of the predicted breeding values
within groups (see Appendix 1).

Random Model with Overall Mean

The random models in the previous sections
implicitly assumed that the mean was known,
because no overall mean was fitted in the
model of evaluation. Hence, following Ugarte
et al. (7), both location and dispersion
parameters were assumed to be known for the
random model. The question arises whether
results would be different if an overall mean
were fitted in the random model, because for
practical genetic evaluation at least one fixed
effect would be fitted. Appendix 2 shows that
the effect of fitting an overall mean is rela-
tively small.

RESULTS

Random Association Between Sires
and CG

When the same range of values was used
for N and A as Ugarte et al. (7), accuracies of
selection and PEV were predicted using Equa-
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TABLE 1. Predicted accuracy of selection (r!) for different contemporary group (CG) sizes (N} with CG analyzed as
fixed effect (F) or random effect {R) when sires were randomly used across CG and sire and phenotypic variance were

constant.

Ratio of residua! to CG varjance

1.5 2.75 525 17.75

N F R F R F R F R
2 826 872 799 861 J79 .856 761 8353
3 .859 .880 836 866 819 858 803 853
4 871 884 850 869 834 859 819 854
6 281 .89 .862 872 847 862 832 854
9 .887 892 368 875 854 .863 .840 - 855
12 850 .894 871 877 857 864 .844 855
18 .893 895 874 878 .861 .866 847 .855
24 .894 .896 876 879 862 .866 849 .856
48 .896 897 878 879 864 867 851 856
120 896 896 878 879 865 866 852 854
240 896 .896 878 879 .865 865 852 .853
h%v 2 .400 400 333 333 294 .294 263 263

r=11- PEV/ag}'s, using Equations [1], {4], and [5].
Within-CG heritability = 25/(1 - o/o?).

tions [4]} and [5]. In cases for which n(N - 1Y/
(s — 1) is not an integer and N < s, the exact
incomplete block design is not possible, and
the results are an approximation. In all subse-
quent predictions, n = 40, and s = 60; hence,
Nf = ns = 2400. If the phenotypic and sire
variances are held constant, as in Ugarte et al.
(7), then o = oy M(A + 1), where ap is the
ratio of residual to sire variance if the CG
variance is zero. The within-CG heritability
(h%, =4/(1 + a)) is equal to h%/(l - ¢2), where
b3 is the heritability (= 4a§/a§), which is .25 in
all cases, and c¢? is the CG variance as a
proportion of the phenotypic variance. In Table
1, predicted accuracies assume a constant
phenotypic variance. Table 1 can be directly
compared with Table 3 of Ugarte et al. (7).
Results, as expected, are nearly identical,
showing that the balanced designs approximate
well the random distribution of progeny across
CG. The last row in Table 1 shows the within-
CG heritability for a particular value of A. A
more relevant comparison is to allow the
phenotypic variance to increase so that o is
constant. For this case, results for the same
range of parameters are shown in Table 2; now
only one column is needed for the fixed effects
model.
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The prediction of accuracies and PEV using
Equation [6] wusing number of -effective
progeny gave similar results (not shown) with
accuracies approximately .01 too high. The
number of effective daughters is also shown in
Table 2. Table 2 clearly shows that the advan-
tage of using prior information about the distri-
bution (variance) of CG is largest for small CG
sizes. For N > 24, accuracies scarcely changed
for the range of parameters used. Even for N =
4, the gain in accuracy was .031 or less.

Nonrandom Agsociation Between Sires
and CG

For the example of two subpopulations each
with 50% of sires and CG, three different
scenarios were considered, 1) Both sires and
CG were selected at random. 2) Sires and CG
were selected using truncation selection; the
best sires were used in the top CG. 3) Sires
and CG were selected using truncation selec-
tion, but top sires are only used in the worst
CG. Scenario 2 corresponds to the design of

‘Ugarte et al. (7). Scenarios 2 and 3 represent a

special form of selection because selection is
based on true breeding values and true CG
effects {see Henderson (4} for a detailed
description and discussion of this kind of
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TABLE 2 Predic}cd accuracy of selection (' and number of effective progeny (n,2) for different contemporary group
(CG) sizes (N) with CG analyzed as fixed effect (F) or random effect (R) when sires were randomiy used across CG and
residual and sire variance were censtant.

Ratio of residual to CG variance for R

1.50 275 525 17.75

N r e r Na r e r n, r ny
2 752 200 809 286 823 3186 835 345 847 38.0
3 796 26.7 821 311 .829 33.0 837 352 .847 38.1
4 812 30.0 827 327 .833 341 B39 35.7 847 382
6 826 333 834 347 837 354 841 36.4 848 382
9 B34 35.6 .838 36.2 .840 36.6 843 37.2 848 383
12 837 36.7 841 370 342 373 844 377 .849 389
13 341 37.8 .843 379 844 33.1 .846 38.3 849 389
24 843 383 844 384 845 383 846 38.6 .850 3%.0
43 845 392 846 39.2 846 392 847 392 .851 3%.4
120 .846 39.3 .846 39.3 846 35.3 847 394 .851 9.4
240 846 393 846 393 346 393 846 393 .851 39.4

i = [1 — PEV/ol]*, using Equations {1}, [4], and {S].

2Diagonal element of Z’MZ, using Equations {3] and (5],

selection]. Sire and residual variances were
625 and 9375, respectively. Predicted accura-
cies within and across groups, biases, and
MSE are shown in Tables 3 and 4 for these
three scenarios. Results in Table 3 are for
relatively large CG sizes (N 2 30), using Equa-
tions [7] and [8], and in Table 4 for small CG

sizes (N £ 12), using Equations [9] and [10].
For the case considered herein, the average
bias in predicted breeding value across the two
subpopulations is zero for both fixed and ran-
dom models, but the bias within each subpopu-
lation is more informative; this bias is given in
Tables 3 and 4.

TABLE 3. Predicted bias,! mean squared error (MSE), correlation between true and predicted breeding values within and
across groups (ry, and 1p)? for fixed (F) and random (R) models for large contemporary groups {CG) sizes when the
population is subdivided into two separate groups each containing 50% of sires CG.34

F R (A = 1.30) R (A =1775
Scenario’ N Ty Ty bias MSE 1y Iy bias MSE ry Ty bias  MSE
1 30 838 8318 0O 186 841 341 O 183 848 843 O 175
660 .838 838 O 186 840 341 O 184 846 846 O 178
120 838 838 O 186 839 839 0 185 844 344 O 180
240 838 838 0 186 839 83 0 185 242 882 0 182
2 30 690 415 20 542 92 771 11 255 698 885 1 142
60 6950 415 20 542 691 645 15 365 697 852 5 172
120 690 415 20 542 690 545 17 443 695 781 10 245
240 690 415 20 542 690 484 19 490 693 677 14 339
3 30 890 A5 20 542 692 157 25 759 698 461 19 508
60 .650 415 20 542 691 275 23 653 697 451 19 516
120  .690 - 415 20 542 690 343 21 598 695 440 20 524
240 690 415 20 542 690 379 21 570 693 430 20 531

1E(u,,) — E(Qy) pentaining to the group with the best sires.

2Appendix 1 shows calculations.
32 = 625, o = 9375.

4) is ratic of residual to CG varance.

58cepario 1: Sires and CG randomly distributed across the two groups; scenario 2: best sires and best CG in one

group; scenario 3: best sires and worst CG in one group.

Joumnal of Dairy Science Vol. 76, Neo. 5, 1993
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TABLE 4. Predicted bias,! mean squared error (MSE), correlation between true and predicted breeding values within and
across groups (ry, and ry)? for fixed (F) and random (R} medels for small contemporary group (CG) sizes when the
population is subdivided into two separate groups each containing 50% of sires CG.34

R (A= 150 R (A = 17.75)
Scenario’ N T Th bias, MSE ry th bias MSE 1y Ih bias MSE
i 2 749 749 0 275 805 .B0S 0 216 847 847 0 177
4 807 807 0 218 826 826 0 199 847 847 0 176
9 826 B2 0 196 8336 836 0 189 848 848 0 176
12 832 832 0 192 838 838 0 187 848  B48 0 175
2 2 568 342 20 592 661 883 24 745 898 901 7 191
4 644 388 20 562 672 893 ~15 377 697 801 -6 181
9 675 407 20 548 £84 852 -3 156 698 .89 -5 162
12 680 410 20 546 685 .880 1 147 698 898 4 154
2 568 342 20 592 .66 —453 43 1998 £98 478 19 495
4 644 388 20 562 672 -350 38 1604 697 476 19 497
g 675 407 20 548 684 -162 32 1161 698 472 19 500
12 .680 410 20 546 686 -082 30 1034 698 470 19 501

E(uy,) - E(0,) pertaining to the group with the best sires.

2Appendix 1 shows calculations.
32 = 625, o> = 9375.

4N is ratio of residual to CG variance.

5Scenarto 1: Sires and CG randomly distributed across the two groups; scenario 2: best sires and best CG in one

group; scenario 3: best sires and worst CG in one group.

Because CG sizes in Table 3 are 2 30,
accuracies within groups are almost the same
for fixed and random models. Therefore, the
differences in accuracies between groups and
MSE are almost entirely due to differences in
bias. For scenario 2, the random models give
lower MSE and bias and higher accuracies
than the fixed models. Although results from
Table 3 cannot be compared directly with
results from Ugarte et al. (7), these trends for
scenario 2 (positive association between sires
and CG) are similar to their results. Table 3
“shows that, for particular sets of parameters,
“biases in random effects models can be zero.
For example, for A = 17.75 and N = 30, the
bias was approximately zero (Table 3), as ex-
pected from Eguation [8].

Differences in accuracies and MSE between
fixed and random models when CG sizes are
small (Table 4) are a result of different
amounts of information {(n. larger for random
models) and differences in bias. For scenario
2, very high accuracies were obtained, similar
to those reported by Ugarte et al. (7). How-
ever, for scenario 3, i.e., a negative association
between sires and CG, correlation between true

Journal of Dairy Science Vol. 76, No. 5, 1993

and predicted breeding values was sometimes
negative, Hence, for very small CG sizes and
random models, the average predicted breeding
values of the top sires can be smaller than the
average predicted breeding values of the worst
sires. As shown in Table 4 for scenario, biases
can be negative; i.e., E(ly) > E(uy).

For some combinations of parameters, the
correlation between true and predicted breed-
ing values across groups were larger than the
maximum accuracy in the absence of an as-
sociation between sires and CG, as also
reported by Ugarte (7) (see Table 2 and values
pertaining to scenario 1 in Tables 3 and 4).
Their explanation of this phenomenon was that
the variance of predicted breeding values was
increased. The reason for this is the contribu-
tion of the between CG variance to the vari-
ance of predicted breeding values (see Equa-
tions {7] to [10}). Hence, a better explanation
of this phenomenon might be that the environ-
menta! differences between CG are used to
predict genetic differences between sires.

In scenario 3, the bias for the random model
was sometimes greater than for the fixed effect
model, particularly when CG sizes were small
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(Table 4). In these cases, the accuracies are
lower, and MSE are higher, for random than
for fixed models. The largest bias, for A =
1.50, results in selection of sires from the sub-
population with the worst sires, so the correla-
tion between true and predicted breeding
values becomes negative (Table 4).

DISCUSSION

If the assumption of a random association
between sires and CG is valid in practice, then
CG should be treated as random effects for the
practical genetic evaluation because more in-
formation is used to predict breeding values, so
PEV decreases, and accuracy of selection in-
creases. As quantified in this study for a range
of population parameters, the effective number
of progeny increases when CG are random, or,
more formally, when interblock information is
recovered. The gain is marginal, however, un-
less CG sizes are £ 4. Alternative ways of
recovering information between CG of small
sizes were proposed by Chauhan and Thomp-
son (2), Chauhan (1), Wade et al. (8), and
Schmitz et al. (5).

In the case of a nonrandom association be-
tween sires and CG, the accuracy of selection
can be either increased or decreased by the use
of random CG. In our calculations and in those
of Ugarte et al. (7), a random model increases
accuracy largely by reducing the bias for the
fixed CG model. This result is the opposite of
the conventional idea that random CG moedels
decrease PEV but cause bias. In practice, the
bias for fixed CG models is eliminated in other
ways. Nonrandom association of sires and CG
is not a biclogical property of the data but
represents a form of selection (4). The nature
of this selection must be considered. 1} If
selection is based on predicted breeding values
and if the corresponding data are included in
the genetic evaluation, then predicted breeding
values are unbiased if CG are fixed. This
property is a standard result of BLUP theory
(3). Treatment of CG as random will produce
biased breeding values. 2) If the nonrandom
association is the result of outside information,
for example, information about mean genetic
differences between countries, this information
amounts to knowledge about groups. Ignoring
(fixed) groups in the model then underesti-
mates group differences, particularly if linkage
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is poor between groups. For the extreme exam-
ple given herein, in which two unlinked groups
each represented half of the sires and CG, the
estimate of the group difference was zero,
whereas the real difference was 2igg. A model
with fixed CG fitting sires within the two
groups would give unbiased predicted breeding
values.

Treatment of CG as random in the presence
of nonrandom association between CG and
sires uses nonrandom environmental differ-
ences between CG to estimate nonrandom
differences between sires. If this treatment im-
proves the prediction of breeding values, as
reported by Ugarte et al. (7) and shown in the
example in this study, it is fortuitous. In practi-
cal sire evaluation schemes, to attempt to use
nonrandom CG differences to estimate sire
breeding values would be quite unacceptable.
For example, what would happen if the best
bulls were used in the worst CG? Treatment of
CG as random would then decrease the ac-
curacy of sire evaluation, as shown for sce-
nario 3. This result was also discussed by
Ugarte et al. (7). Another example of the
potential negative effect of treating CG as
random is when selected (proven) bulls are
used in CG with different means than CG
(herds) in which young bulls are progeny
tested, because then the difference in predicted
breeding values between the young and old
bulls would not reflect the true difference in
breeding values between them. A final exam-
ple is the case in which this year’s progeny-
test team of bulls have daughters in relatively
low CG because of adverse environmental ef-
fects (e.g., a drought) because then the com-
parison of bulls across years would be biased.
In general, the use of the term “correlation”
between sires and CG can be misleading be-
cause this correlation has no biological in-
terpretation and is not a population parameter
in the usual sense: a nonrandom association
between sires and herds in practice is merely
the result of farmers choosing sires, and this
association should not be used to predict the
performance of future progeny of the sires,

CONCLUSIONS

When there is clearly no association be-
tween sires and CG, CG may be treated as
random; otherwise, CG should be treated as

Journal of Dairy Science Vol. 76, No. 5, 1993




1452

fixed. If nonrandom association between sires
and CG exists because of a group effect, this
effect should be fitted in the model.
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APPENDIX 1

Corrgiation Between True and Predicted
Breeding Values in Subdivided Population

The population is subdivided into two
groups of sires and CG. Each group has s/2
sires with n progeny each, and f/2 CG with N
observations each. Subscripts 1, 2, and w are
used to indicate group 1, group 2, and group 1
or 2, respectively. Parameters without a sub-
script refer to the conceptual entire population.
Sires and CG are assumed {0 be selected with
the same standardized selection intensity (i),
and, without loss of generality, group 1 is
assumed to contain the best sires. Within each
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group, no association between sires and CG
exists. Then

E{u;} = -E(up) = igg, v(up) = v(up) = v(uy)
= (1 - k)ug, and v{u) = af

The variance of predicted breeding values
for the single population is
V(@) = E@?) - [E@P = E@2), [Al]

because E(0) = [E(fi;) + E(0,)}/2 = 0. There-
fore,

v®) = [Ef6]) + B(63)12
= E(e)
= Vi) + BO)P (a2
Similarly,
cov(u,f) = E(u,d) - E(u)E(D)
= E(uw,ﬁw)
= cov(uy,ly) + E(uy)Ey). [A3]

The correlation between true and predicted
breeding values within groups and across
groups are defined as

Ty

[coviug, 0u)/[V(ug)V(8,)}> {A4]
and

feov(u,B))/[v(wv(d)]>

Ty [AS5]
To calculate ry, and 1, expressions for E(Gy),
v(fly), and cov(uy,{,,) are needed. Depending
on the design (balanced or balanced incom-
plete block design), E(i,,) is calculated using
Equation [8] or [10] from the main text, and
v(liy) and cov(uy,ly) from Equation [7] or [9].

Consider, for example, the balanced design.
From Equation {7] it follows that

V(ly) = bAVF) — b2 — bv(Fwl,
which is calculated using

VTuw) = (1= K)o? + (1 - eFAE2) + v(e)/n,
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and

V(Tw) = (1 = k)o2(s/2)
+ (1 - KeAE2) + v(e)/(ns/2).

The covariance between true and predicted
breeding values also follows from Equation

(71,

= by[cov(uy,Tuw)
- by cov(uy.¥w)]

= by[l - b/ - Ko

COV(Uy,ly)

Although cov(u,.0y), and, therefore, 1y, are
always positive, cov(u,fi) and r, can be nega-
tive if E(u,,) and E({i,,) are large and opposite
of sign.

APPENDIX 2
Resultz for Random Models When an Overall

Mean Is Fitted

Random Association Between Sires and CG.
The model is now yjjx = p + B; + Uj + ejk; p 18
the overall mean. The part of the coefficient
matrix in the mixed model equations relating

to p and § is
N1’
XX + M

with X =[1X],I*= [g (I]:l, and 1 a vector of

ones.
Then,

XX + N* = Nf
N1

b -
-1 (1 - bl + bpJ

[B1]
For the completely balanced case, it is easily
shown that

ZX(X'X + NI®IX'Z = (n/s)], and
C={m+ ol - {(n/s)]

[X'X + A%t =.(Uﬂ\)[

[B2]

Therefore, n, = n{1 — 1/s), which is the same
as the number of effective progeny for the
fixed case, and, hence, for the balanced case
random CG has no advantage if an overall
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mean is fitted in the model. For the balanced
incomplete block design, it can be shown that

C=I[a+n(l-s(l-N/sH(s- 1N+ N}
- J [n(l/s = (1 = N/s){s -~ DN + N}
(B3]

From Equation [B3], it follows thatn, =n {1 -
1/(N A) = (1 = by)/s). This quantity is similar to
the n, that followed from Equation [5] in the
main text with an additional term, (1 — by)/s,
which can be interpreted as the information
lost by estimation of the overall mean. Because
the extra terms is of the order 1/s, the effect of
including an overall mean in the random
model is small provided that s is large.

Subdivided Population. We consider only
the balanced case; i.e., group 1 and 2 each
contain s/2 sires with n progeny distributed
over f/2 CG, and each sire has 2n/f progeny in
each of £/2 CG. After some tedious algebra, it
can be shown that

5 :I
Ih + a) — xJ
[B4]

C=| In + a) — xJ
_yJ

with x = (0/8)(1 + by), and y = (n/s)(1 — by).

]

Cl =] al +b] cJ
¢J al + bJ

with

V@ + ),

a

b - [ (1fsmby [(1 = bZby) ] . and
(T~ bybp) (1 - by - 1

c = [(llsn)bu fbu(l - bh)] )
(1 - bpby) (1 - by

Elements of Z'My are n[fuw ~ Y — by(Fw -
Y)l; Fuw-Fw» and Y are the progeny mean of a
sire in group w (1 or 2), the group mean and
the overall mean, respectively. It follows that
Uy = by [Fuw — Y - bp(Fw ~ 7)]
+ ns*b(1 - bp)Fy — 1)
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+ ns*c(l - bV — Y) for w # W',
. {B35]

Using E{uy} = -E(uy) and E(8y) = -E(Bw),
the expectation of the predicted breeding value
i group w (w") reduces to

E(y) = by(1 - by) E(uy + By) {B6]

with, as before, by = [by(1 — by)J/[1 — byby].
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Equation [B6] is identical to Eguation [8] of
the main text. Hence, for the balanced case, the
expectation of 4, and, therefore, the expecta-
tion of the bias are the same whether an over-
all mean is fitted or not.

We conclude that fitting an overall mean in
the random model has little effect on the
resalts and, therefore, that overall conclusions

-from the main text are not restricted to the case

of known location parameters.




