On the Estimation of Variances Within Herd-Mean Production Groups

ABSTRACT

In investigating heterogeneity of vari-
ance among herd groups, herds are often
grouped according to their mean produc-
tion, and variances are estimated within
such groups using a sire model. Stratify-
ing herds in this way may be a form of
“selection” on sire progeny groups, re-
sulting in herd production groups with a
selected sample of sires, causing a “pseu-
doheterogeneity” of variance to be esti-
mated. A selection effect’ was not found
for balanced nested and cross-classified
designs. For a balanced design, the only
biased estimate of the sire variance is
obtained for the limited case of selection
directly on progeny group means, with
the absence of any fixed effects other
than a mean. For unbalanced designs, the
bias depends on the distribution of
regressions of progeny means on herd

" means and is likely to be negligible in
most practical analyses in which there is
substantial variation within herds due to
environmental effects.

(Key words: variance estimation, selec-
tion bias, heterogeneity of variance)

Abbreviation key: HYS = herd-year-season,
8§ = sum of squares, SSS = sire sum of
squares.

INTRODUCTION

One of the assumptions usually made by
users of BLUP is homogeneity of variance
across fixed effect levels. There is abundant
evidence, however, of heterogeneity of vari-
ance across herds or herd-year-seasons (HYS)
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for milk production traits in recent studies (1,

- 2,5,6, 7). Some of these authors have found a

relationship between herd mean and within-
herd (genetic) variance. Typically for those
studies, herds were classified according to their
mean (milk) production, and parameters were
estimated within (and between) herd mean pro-
duction groups, using a sire model.

Famula (3) argued that stratifying herds in
this way can be regarded as a form of selection
on sire progeny groups; herd means may be
higher becanse of the sires represented in those
herds, resulting in herd production groups with
a selected sample of sires. A pseudo-
heterogeneity of variance could, therefore, be
induced by selecting herds on their mean pro-
duction (3). However, the results from the
simulation study presented in Famula’s paper
are not clear, because the observed biases in
estimated sire variances were probably not sig-
nificant (standard errors were not presented,
but these can be estimated from the presented
ranges and the number of replicates). Further-
more, one would expect the selection effect to
be symmetrical about the overall mean; i.e., a
bias in estimating variances from the highest
herd mean group should be similar to a bias
from the lowest herd mean group. This was not
observed. The aim of this study was to qualify
and quantify the magnitude of this selection
effect.

MATERIALS AND METHODS

For varicus balanced and “semibalanced”
designs, the effect of selection of herd produc-
tion groups on the estimates of genetic and
residual variances can be quantified.

Balanced Nested Designs
of Sires Within Herds

The rednction in variance between progeny
groups depends on the regression of sire
progeny mean on herd mean. This reduction is
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largest for a nested design of sires within
herds, in the absence of herd effects and other
fixed effects, because then selection-on herd
means is highly correlated with (direct) selec-
tion of sires.

Notation includes the following:

number of herds in selected
group,

number of sires per herd,
number of progeny per sire,
sire progeny mean,

herd mean,

selected, and

mean of selected group (=
selection intensity).
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I

w g o
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Normality of random effects is assumed
throughout this study. Without loss of general-
ity, let the total phenotypic variance in the base
population be unity. Then

WY)=(0-tp+t [1]

v(H) = cov(Y,H} = (1 — t)/(n X p) + t/n where t
is the intraclass correlation in the base popula-
tion. Then

Using simple linear regression
v(Yg = (1 - k?)v(Y), [2]

with k being the reduction in variance for the
selected group [= i(i — x)] for truncation selec-
tion, where x is the deviation of the truncation
point from the mean in standard deviation
units).

For a balanced design, the osthogonal sums
of squares (SS) for herds, sires, and residual
from the ANOVA can be equated to their
expectations. It can be shown easily that the
expectation for the residual variance is the
error variance of the base population. The ex-
pectation of the sire sum of squares (SS8) is,
on conditioning on the herd mean,

E[{Zp(Y — HZ}H]
pa[E(Y2H) — E(HYH))

paf(1 — 2v(Y) + b2H?Z — H%}
p(n — 1)v(Y), because 12 = 1/n

and b2 = 1.

E(SSSIH)
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Therefore the SSS is not dependent on the
herd value; in whatever way the herds are
selected, the within-herd SSS is unbiased
through that selection, The estimated variances
in any selected group are, therefore, unbiased
estimators of the population parameters.

Although the expectation of the sums of
squares between sire progeny group means is
unaffected by selection, the expectation of the
variance between the unobserved sire effects is
not. The reduction in genetic variance for the
selected group can be predicted using the re-
gression of sire values on herd means. ¥ fol-
lows that

E[v(s)s] = (1 — ke?m)v(s), 3]
where 2 = p/(p + A),
A= (1-tHh and
v(s) = sire variance in the base popu-
lation.

Seiection on Progeny Means

For the limited case of one sire per herd (n
= 1; h = total number of sires), i.e., ignoring
herds and selecting solely on progeny means, it
can be shown that the expected estimated sire
variance in the selected group is

EBlo}] = v(s) [1 — k(A + P/P) 4]

The expectations in Equations [3] and [4]
are identical only in the case of no selection,
ie., k = 0, or for the trivial case of A = 0. The
term between the square brackets can become
negative for k > p/(p + A), that is, if the
repeatability of the predicted sire effect is
smaller than the reduction in variance for the
selected group. If the ordered progeny group
means are divided into four groups by sym-
metric truncation about the mean, then the
Iargest reduction in estimated sire variance is
expected in the two middle groups, because the
variation between progeny means is the
smallest in those groups. If each group con-
tains exactly 25% of the population, then it can
be shown that the reduction in variance for the
two middle groups is .95 (= k). Of course, the
distribution of progeny means is symmetric so
that selection of the top or the bottom groups
should yield identical results. Famula (3) used
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fixed truncation points to obtain four groups
each containing approximately 25% of the
herds.

Table 1 shows a few combinations of the
number of sires in the base population (m), b2,
and p, together with predictions of estimated
parameters and simulation results. Records
were simulated as a sire effect plus a random
error term and evaluated with an ANOVA,
fitting an overall mean and a between- and
within-sire term. For the examples given, the
heritabilities were chosen to be large because,
for low heritabilities and few daughters per
sire, (highly) negative estimated sire variances
were expected (for repeatability < k). The
number of replicates was chosen to obtain
sufficiently small standard errors of the mean
estimates and varied for different sets of
parameters. As expected, the simulation results
agree well with the predictions. Although this
model, for which the criteria ‘on which selec-
tion took place are ignored, is unlikely to be
used in practical situations, the results show
that even in cases with extremely high herita-
bilities, negative variances may be expected.

Balanced Cross-Classifled Designs

For a balanced cross-classified design, unbi-
ased estimators of the population variances are
again obtained: selection on herd means now is
solely environmental, because the variation be-
tween herd means does not contain a between-
sire component. Although the between-herd 8S
are reduced, the expectation of sire and resid-
uval SS remains the same. Famula (3) gave a
generalization for the expected SSS using Hen-
derson’s method 3 in his formula 11. It is
_ shown in the Appendix that the last two terms

(the bias) in that formula reduce to zero for
balanced designs. In all cases, the estimate of
the residual variance is unbiased.

Seml-Balanced Nested Designs

A bias does occur, however, for unbalanced
designs, because the regression of progeny
means on herd means is not constant for aH
sires. Consider the semi-balanced case of n
sires nested within herds, with py progeny for
site j in herd i. Similarly, by; is the regression
of progeny group mean j on herd mean i
Assume the distribution of progeny numbers
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over sires within a herd is the same for all
herds; for example, all herds have (p; + p2)
progeny records pertaining to two sires, with
P1 and p; constant for all herds. Let the sum of
all records within a herd be m. Then

v(H) = vIEpyY; i)/(zp")]
= (1/ {Epg} )

(llmz) E[]?ij (1 + t(py — )]
[5]

and
cov(Yy.Hy) = (py/m)v(Yy). [6]
Therefore,

by = [mpyv(Yypl/[Epy(1 + t(py ~ 1))]-m

The SSS, on conditioning on the herd mean, is

EISSSH] = E[pyy2y - przpifIH]
Zpyv(Yy) — v(H)Zpye,

+ HEpip? - il

|

Now the SSS can depend on the herd value
H. Only for the cases of all b; = 1, ie., the
balanced case, or for the case of E(HZ) v(H),
ie., E(H) = 0, does the formula reduce to the
form independent of herd means.

Averaging over all possible herd values in
the selected group gives

E[SSS] = EpijV(Y ij) - V(H)zpij
+ (i2 —k)V(H)EZPijbfj ~ Zpijl-
[8]

The first two terms are the usual terms for
this design, resulting in an unbiased estimate
of the sire variance. The last term is the bias in
the SS. The bias for the estimated intraclass
correlation is

BIAS() = {(i2 —k)V(H)[EPhi - pr;] Y

{}-‘-'Pa_] EPIJ/ZP;;}
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TABLE 1. Observed and predicted results for selecting on progeny means. !

Predicted parameters
using Equations [2],

Observed parameters [4], and [3]
m P n2 Group v(Y,) Gf v{(s) v(Y) "f - (s,
X SE X SE X SE
48 10 10 4 799 064 509 .066 10454 067 8.06 56 1054
100 25 10 3 1.148 008 -1.858 .009 3618 .019 1.15 -1.85 359
100 50 S0 3 S90 007 -1.172 .007 1973 .018 S8 -1.17 198

1l’hanotypic variance simulated = 100 (units)z; m = Number of sires in base population; p = Number of progeny per
sire; groups: 4 = top 25%; 3 = second (“next”) 25%; v(Y) = Variance between progeny groups in selected group; cf =
estimated sire varance from ANOVA; ¥(s); = true sire variance in selected group.

To illustrate the effect, an example is given
for py = (1,10), h2 = .25, v(p) = 1, in the
absence of true herd effects; Pij = (1,10) means
that each herd has 11 progeny records, one
pertaining to the first sire and 10 to the second
sire represented in that herd. Then, using
Equations [1], [5], and [7],

v(H) = .1374, by = .66 and b, = 1.03.

Selecting the top and bottom 25% of the
herds (i = 1.27, k = .77, i2 ~ k = .85) gives the
bias in the SS of 1.458 per herd (using Equa-
tion [3}) and, hence, a bias in the estimated
heritability of +.03. Selecting either of the
remaining middle groups (i = .32, k = .95, i2 —
k = .85) gives the bias in the heritability of
—.03. These results were compared with sima-
lation results and agreed well. Some more
examples are given in Table 2.

In extreme cases, a substantial bias may
occur, but for moderate heritability values and

three or more sires per herd, the bias becomes
very small. For the described design, the direc-
tion of the bias is determined by the sign of the
factor (i2 — k). It follows that the heritability is
overestimated from evaluating the top and bot-
tom 25% herds and underestimated when
selecting the “next” 25% groups, the absolute
value of the bias being the same for both
groups, because the quantity 1i2 — kI is identical
for the above groups.

For the limited case of only two sires per
herd, the result becomes obvious if the covari-
ance between the difference of the two
progeny group means and the herd mean is
considered. This covariance: is

cov[(Y) — Yo,H)] = t(p; — p2)/
P+ pD

where p; = progeny number of sire 1 and p; =
progeny number of sire 2. For this example,

TABLE 2. Predicted biases in beritability estimates from semibalanced nested design.l

: 2 : 2:
Sires per Progeny Estimated b Bias (h%)
herd distribution w2 Top Middle Top Middle
2 1,10 25 282 218 032 ~032
2 1, 10 50 596 404 096 -.096
3 1, 5, 10 25 259 241 " 009 -009
3 1,5, 10 50 3529 AT 029 -029
10 1,1,4,4,5 25 251 249 .001 -00t
566 99
10 1,1,4,4,5 50 504 496 004 -.004
56,69,

9
7op = top (or bottom) 25% herds are selected; middle = second (or third) 25% of herds.
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this covariance is .051, and the regression of
the progeny mean difference on the herd mean
is .37 (for p; > py), which is the difference
between the two regression coefficients.
Hence, the difference between progeny groups
within herds depends on the mean of that herd,
although the difference between the sire values
remains independent of the herd mean.

DISCUSSION

In practice, the regression of progeny mean
on herd mean may well be close to zero due to
HYS and other fixed effects. Therefore, the
bias for the estimated parameters and the re-
duction in true genetic variance in the selected
group will both be small, Because young sires
usually are distributed over many herds, the
selection effect is thought to be negligible for
most practical evaluations. Famula (3) simu-
lated 1800 HYS effects from 150 herds and
150 sire effects and randomly assigned 15,000
progeny records to (270,000) HYS by sire
subclasses, resulting in an unbalanced cross-
classified design. Regressions of progeny
means on herd means were likely to be small,
because the expected number of records per
sire by herd subclass was 15,000/(150 x 150) =
.67. Furthermore, the difference between those
regression coefficients within any herd were
probably small. Famula’'s results (that the
higher the mean of the herd group, the lower
the estimated sire variance) can, therefore,
most likely be explained by sampling. In prac-
tice, there usually is substantial variation
within herds due to environmental (e.g., HYS)
effects; therefore, the regressions of progeny
means on herd means are expected to be smail.
Most likely, the sire selection effect of stratify-
ing herds on their mean production is, there-
fore, negligible. i high producing herds have a
different sire selection strategy from low pro-
ducing herds, inducing an additional covari-
ance between sire and herd values, then heter-
ogeneity of variance is present and will be
detected by the estimation methods in use.
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APPENDIX
Consider the linear model

y=Xb+Zu + e
and
v(y) = ZAZ'GZ + Ie}

where y, b, u are vectors of the observations,
fixed effects (here HYS), and sire effects, re-
spectively; X, Z are the known incidence ma-
trices for the fixed and random effects; and A
is the numerator relationship matrix.

Famula (3) showed, using Henderson’s
selection model (4), the expectation of the
reduction in SSS after fitting HYS in his for-
mula [11], when selection had been practiced
on a vector of herd means. This expectation is
(the notation has been changed slightly) '

Es[Ruib)] = trace[Z'MZA] qu
+ trace[Z’MZ(Z'MZ)] o2
— trace[Q"ZAZ'MZAZ'QH,]
02 + (YQ'ZAZ’MZAZ'Qt) o2
[A1]
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with

I - X(X'XrX,
P'XXP)tP’X’, and

M
Q
P a matrix to link HYS to herds,

Matrix Hy and vector t depend on the selection
process but are not needed explicitly for the
proof.

The first two terms of Equation [Al] are the
standard terms for the unconditional (= no
selection) case. The last two terms may result
in a bias in the estimated sire variance, because
they depend on the unknown Hy and t. To
prove that these terms vanish for balanced
designs, it is sufficient to show that the matrix
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(X"ZAZ'MZAZ’X), which appears in both
terms, reduces to a zero matrix.

There are h HYS; each HYS has m, and
each sire within a HYS has p observations.
The vector y is ordered according to sire
within HYS; J; is a square matrix of ones of
order i, and D is a block diagonal matrix with
each block a J; submatrix. let the sires be
unrelated (A = I). Then

X'ZAZ'MZAZ X

= X'ZZ'd - XXX 1X)ZZ'X
XZZ'ZZ'X - X'ZUXX'X)1X'Z2Z'X
X'DyD,X ~ (1/m)X’DyDyD X
PXDX — (pY/mX'DyX
p(nply) — (P¥m)(n2ly)
= 0.




